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Abstract

In embedded systems, the computing resources are often scarce and
several control tasks may have to share the same computer. In this pa-
per, we assume that a set of feedback controllers should be implemented
on a single-CPU platform. We study the problem of optimal sampling
period assignment, where the goal is to assign sampling rates to the
controllers so that the overall control performance is maximized. We
derive expressions relating the expected cost over a finite horizon to
the sampling period, the computational delay, and the amount of noise
acting on the plant. Based on this, we develop a feedback scheduler
that periodically assigns new sampling periods based on estimates of
the current plant states and noise intensities. The approach is evalu-
ated in extensive experiments, where three double-integrator electronic
circuits are controlled by three concurrent tasks executing in a small
real-time kernel. A fourth task, acting as feedback scheduler, periodi-
cally assigns new sampling periods, considering the current plant states
and noise characteristics. The experiments show that on-line sampling
period assignment can deliver significantly better control performance
than the state-of-the-art, static period assignment.
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1 Introduction

With the advent of the micro-controller in the 1970’s, analog feedback con-
trollers were gradually replaced by digital counterparts. Today, the vast
majority of all controllers are implemented using computers, relying on pe-
riodic sampling and control. The sampling rate is normally fixed and is
selected in relation to the speed of the system under control. Typical rules
of thumb [1] suggest that the sampling rate should be chosen to be 10 to
30 times the bandwidth of the closed-loop system. Faster sampling implies
better disturbance rejection and smaller sensitivity to modelling errors.

In embedded systems with very limited computational resources, it may
not be possible to let the controller run at the desired rate. This can be
true especially if there are many tasks competing for the same CPU. Hence,
design of embedded systems always involves trade-offs between the various
tasks in the system.

The trade-off between different feedback controllers in an embedded sys-
tem was first formulated as an off-line optimization problem in a seminal
paper by Seto et al. [2]. The performance of each controller was captured by
a cost function that described the relationship between the sampling rate
and the quality of control. Assuming that the cost vs rate for each con-
troller can be approximated by an exponentially decreasing function, the
paper gives an optimization algorithm that assigns optimal sampling rates
to the controllers, subject to a CPU utilization constraint.

Later work has refined the model of Seto et al. and also moved the opti-
mization algorithm from off-line use to on-line use. Eker et al. [3] considered
linear quadratic (LQ) state feedback controllers and derived expressions re-
lating the LQ-cost to the sampling interval. They also proposed an on-line
optimization algorithm for sampling period assignment, that iteratively ad-
justed the sampling rates based on measurements of the CPU load. The
approach was extended to linear controllers in [4].

Mart́ı et al. [5] introduced feedback from the actual control performance
by incorporating the current plant states into a heuristic cost function. The
same authors presented an extension [6] where the relation between its cost
function and standard quadratic cost functions was established. Henriksson
et al. [7] further formalized this approach for linear quadratic controllers
by incorporating the current plant states into a finite-horizon quadratic cost
function, which also took the expected future plant noise into account. The
extension to the general case of linear controllers was given in [8].

In a parallel line of research, Ben Gaid et al. [9] presented a complemen-
tary approach for the optimal integrated control and real-time scheduling
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of control tasks. It combined non-preemptive optimal cyclic schedules ac-
cording to the H2 performance criterion, with an efficient on-line scheduling
heuristic in order to improve responsiveness to disturbances. An extension
of this approach can be found in [10].

In this paper, we present an on-line sampling period assignment approach
that extends the model of Seto et al. to capture several important properties
of real controllers in the optimization problem:

• the performance of each controller is captured in a finite horizon cost
function, taking into account (1) the sampling period, (2) the compu-
tational delay, and (3) the amount of noise acting on the plant.

• the cost function is developed for general linear controllers (and not
only for state feedback controllers as in previous work).

Since finding an analytical solution to the optimization problem is not
possible in the general case even for simpler cost functions [7], we present
an algorithm that allows solving the optimization problem at run-time:

• By evaluating the cost function, it is noted that most of the terms can
be computed off-line.

• Then, for convex functions on the sampling period, an on-line proce-
dure that approximates the optimal solution is developed that allows
identifying the set of optimal sampling periods.

Noting that the evaluation of the cost function strongly depends on the
noise intensities, we complement the feedback scheduler with a noise esti-
mator:

• Two different standard noise estimators are suggested, and their pros
and cons discussed and evaluated.

• We show that the noise estimators are when the noise intensity changes
are slower than the rate of execution of the period assignment algo-
rithm.

Finally, we provide a proof-of-concept implementation, where the feed-
back scheduling approach is put to test in a real system:

• We study different key parameters of the proposed approach with re-
spect to control performance and resource utilization.

• We provide a comparative performance analysis of our approach with
respect to previous related work.
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• In summary, we show, in real control experiments, that significant
performance improvements can be achieved by on-line sampling rate
assignment.

This paper extends the preliminary results presented in [8].
The rest of this paper is outlined as follows. In Section 2, the problem

formulation is given. In Section 3, formulas for the quadratic cost of a general
linear controller are derived. The algorithm for the on-line optimization is
given in Section 4. The noise estimator that complements the feedback
scheduler is discussed in Section 5. The experimental set-up is presented in
Section 6 and results are reported in Section 7. Finally, Section 8 concludes
the paper.

2 Problem Formulation

2.1 Plant and Controller Models

We assume a system in which n physical plants should be controlled by
a computer with limited computational resources. The control is achieved
by n concurrent control tasks executing in the computer, each task being
responsible for the sampling, control computation, and actuation in one
loop. There exists an additional task in the system, the Feedback Scheduler
(FBS), that may change the sampling rates of the tasks depending on the
current state of the system. The overall situation is depicted in Figure 1.

More formally, each plant i = 1 . . . n is described by a continuous-time
linear stochastic system,

dxi(t)

dt
= Aixi(t) + Biui(t − τ) + vci(t)

yi(t) = Cixi(t) + ei(t)
(1)

where xi is the plant state, ui is the control signal, yi is the measured output,
Ai, Bi and Ci are matrices of appropriate sizes, vci is a continuous-time
white noise process with intensity R1ci, ei is a discrete-time Gaussian white
noise process with variance R2i, and τi = αihi, 0 < αi < 1, is a constant
time delay representing the input-output delay in the implementation (see
Section 2.2 below). To capture different operating conditions, we allow the
process noise intensity to be time varying,

R1ci(t) = ri(t)R̄1ci (2)
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Figure 1: Dynamic resource allocation in multiple control loops using a
feedback scheduler (FBS). The scheduler assigns sampling periods h1 . . . hn,
based on state estimates x̂1 . . . x̂n and noise intensity estimates r̂1 . . . r̂n, to
meet the utilization set-point Usp and to optimize the overall performance
of the control loops.

where ri(t) is a positive scalar and R̄1ci is the nominal noise intensity. The
controller can be constant, designed assuming a constant noise level, or time-
varying, assuming different noise intensities given by different ri(t) values.

Sampling the plant (1) with the interval hi and control delay τi = αihi

yields the discrete-time system (see [1])

zi[k + 1] = Φi(hi)zi[k] + Γi(hi)ui[k] + vi[k]

yi[k] = Θiz[k] + ei[k]
(3)

where

zi[k] =

[

xi[k]
ui[k − 1]

]

Φi(hi) =

[

φi(hi) φi(hi − αihi)γi(αihi)
0 0

]

Γi(hi) =

[

γi(hi − αihi)
I

]

Θi =
[

Ci 0
]
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and

φi(t) = eAit

γi(t) =

∫ t

0
φi(s)Bi ds

Assuming the noise level to be constant over the sampling interval, the
covariance of the discrete-time white noise process vi is given by

R1i(hi) =

[
∫ hi

0 φi(s)R1ciφ
T
i (s)ds 0

0 0

]

(4)

Each controller i = 1 . . . n is described by a discrete-time linear system
with adjustable sampling interval hi,

x̂i[k+1] = Fi(hi)x̂i[k] + Gi(hi)yi[k] (5)

ui[k] = Hi(hi)x̂i[k] + Ki(hi)yi[k] (6)

where x̂i is the controller state (representing the plant state estimate) and
Fi, Gi, Hi and Ki are matrices of appropriate sizes.

The performance of each control loop i = 1 . . . n is measured by a finite-
horizon continuous-time quadratic cost function,

JTfbs

i = E

∫ Tfbs

0

∥

∥

∥

∥

xi(t)
ui(t)

∥

∥

∥

∥

2

Qci

dt (7)

where

Qci =

[

Q1ci Q12ci

Q12c
T
i Q2ci

]

is a positive semidefinite matrix, and Tfbs is the period of the feedback sched-
uler. For this kind of cost function, a linear-quadratic Gaussian (LQG) con-
troller [1] is optimal. Note that our theoretical framework does not require
the controllers to be optimal, however.

2.2 Real-Time Scheduling Model

In contrast to previous work on optimal sampling period assignment [2, 3,
5, 7, 9], in this work we explicitly take the real-time scheduling and the
computational delay into account in the optimization. It is assumed that
the worst-case execution time of each controller i is described by

Ei = ECalculate
i + EUpdate

i (8)
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Figure 2: Scheduling model for the controllers. The input (I) and output
(O) operations are scheduled at interrupt priority, while the Calculate and
Update subtasks are scheduled using the Earliest-Deadline-First algorithm.

where ECalculate
i is the worst-case execution time for calculating the control

signal (essentially Eq. (6) above), and EUpdate
i is the worst-case execution

time for updating the controller state (Eq. (5) above).
In the implementation, the input operation (i.e., the A/D conversion of

y[k]), the Calculate portion of the code, the output operation (i.e., the D/A
conversion of u[k]), and the Update portion of the code are assumed to be
scheduled as separate subtasks, see Fig. 2. The input and output operations
are scheduled at interrupt priority and are assumed to take negligible time
to execute. The Calculate and Update subtasks are scheduled using the
Earliest-Deadline-First (EDF) algorithm [11, 12]. The Calculate subtask is
released at the start of each period, with a relative deadline αihi, where

αi =
ECalculate

i

ECalculate
i + EUpdate

i

(9)

The Update subtask is released with the offset αihi, with a relative deadline
(1−αi)hi. This implies that the input-output delay of controller i is constant
and given by

τi = αihi (10)

Moreover, the organization of the code ensures that controller i has a con-
stant processor demand [12] of

Ui =
Ei

hi
(11)

Schedulability of all subtasks can hence be guaranteed if and only if

n
∑

i=1

Ui ≤ 1 (12)

which is the standard schedulability condition for EDF.
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2.3 Optimization Problem

The feedback scheduler is assumed to have knowledge of all plant and con-
troller parameters, except the noise intensities, which are to be estimated on-
line. The scheduler runs as a high-priority task with a fixed period Tfbs ≫ hi

and execution time Efbs. Upon invocation at time t0, the scheduler is in-
formed about the current controller states x̂1(t0) . . . x̂n(t0) (representing, for
instance, estimates of the current plant states). The scheduler should then
assign new sampling intervals h1 . . . hn such that the total expected cost over
the next Tfbs units of time is minimized. This is formulated as the following
optimization problem to be solved on-line:

min
h1... hn

n
∑

i=1

JTfbs

i

subj. to
n

∑

i=1

Ei

hi
≤ Usp − Ufbs

(13)

Here, Usp is the CPU utilization set-point, which must be smaller than 1,
and Ufbs = Efbs

Tfbs
is the processor demand of the feedback scheduler. The

optimization problem is convex if the cost functions are convex functions
of 1/hi (see [2]). Efficient on-line solution of the optimization problem is
discussed in Section V.

3 Evaluation of the Cost Functions

To solve the optimization problem, we must be able to evaluate the cost
function (7) for each control loop on-line. Note that the value of the cost
function depends not only on Tfbs, but also on hi, x̂i(t0), the plant param-
eters (including the noise intensities), and the controller parameters. In
this section, we therefore derive expressions for the stationary and transient
cost of a linear discrete-time controller regulating a linear plant with a fixed
time delay. Throughout this section, for clarity, we drop the plant/controller
index i.

3.1 Sampling the Cost Function

Assuming that Tfbs can be evenly divided into h, the cost can be written as

JTfbs =

Tfbs/h−1
∑

k=0

J [k] (14)
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where J [k] is the cost in the kth sampling interval and N = Tfbs/h. By
sampling (7), this cost can be expressed as

J [k] = E

{

∫ kh+αh

kh

∥

∥

∥

∥

x(t)
u(t)

∥

∥

∥

∥

2

Qc

dt +

∫ kh+h

kh+αh

∥

∥

∥

∥

x(t)
u(t)

∥

∥

∥

∥

2

Qc

dt

}

= E

{

∫ αh

0

∥

∥

∥

∥

φ(t)x[k] + γ(t)u[k−1]
u[k−1]

∥

∥

∥

∥

2

Qc

dt +

∫ h−αh

0

∥

∥

∥

∥

φ(t)(φ(αh)x[k] + γ(αh)u[k−1]) + γ(t)u[k]
u[k]

∥

∥

∥

∥

2

Qc

dt

}

+ Jconst(R1, h)

= E

[

z[k]
u[k]

]T [

Q1(h) Q12(h)
QT

12(h) Q2(h)

] [

z[k]
u[k]

]

+ Jconst(R1, h)

(15)

where

Q1(h) =
[

Q1a(h) Q1b(h)
]

Q1a(h) =

[

q1(αh)+φT (αh)q1(h−αh)φ(αh)
qT
12(αh)+φ(αh)

]

Q1b(h) =

[

q12(αh)+φT (αh)
q2(αh)+γT (αh)q1(h−αh)γ(αh)

]

Q12(h) =

[

φT (αh)q12(h − αh)
γT (αh)q12(h − αh)

]

Q2(h) = q2(h − αh)

Jconst(R1, h) = tr Q1c

∫ h

0

∫ s

0
φ(s)R1cφ

T (s)ds dh

and

q1(t) =

∫ t

0
φT (s)Q1cφ(s) ds

q12(t) =

∫ t

0
φT (s)

(

Q1cγ(s) + Q12c

)

ds

q2(t) =

∫ t

0

(

γT (s)Q1cγ(s) + 2γT (s)Q12c + Q2c

)

ds

The term Jconst(R1, h) is due to the intersample noise, see [13].
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3.2 Evaluation of the Cost

Combining (3) with (5) and (6), the closed-loop system can be written as

[

z[k+1]
x̂[k+1]

]

= Φcl(h)

[

z[k]
x̂[k]

]

+ Γcl(h)

[

v[k]
e[k]

]

(16)

where

Φcl(h) =

[

Φ(h) + Γ(h)K(h)Θ Γ(h)H(h)
G(h)Θ F (h)

]

Γcl(h) =

[

I Γ(h)K(h)
0 G(h)

]

One difficulty here is that u[k] appears in the cost function, but not in
the formulation of the closed-loop system. However, noting that

u[k] = H(h)x̂[k] + K(h)Θz[k] + K(h)e[k] (17)

the cost (15) can be rewritten as

J [k] = E

∥

∥

∥

∥

z[k]
x̂[k]

∥

∥

∥

∥

2

Qcl(h)

+ KT (h)Q2(h)K(h)R2

+ Jconst(R1, h)

(18)

where

Qcl(h) =

[

Q1cl(h) Q12cl(h)
QT

12cl(h) Q2cl(h)

]

Q1cl(h) = Q1(h)+Q12(h)K(h)Θ+ΘT KT (h)QT
12(h)+

ΘT KT (h)Q2(h)K(h)Θ

Q12cl(h) = Q12(h)H(h) + ΘT KT (h)Q2(h)H(h)

Q2cl(h) = HT (h)Q2(h)H(h)

Finally, assume that the initial state is

[

z[0]
x̂[0]

]

. The cost can then be evalu-

ated as

JTfbs =

[

z[0]
x̂[0]

]T

S[0]

[

z[0]
x̂[0]

]

+

Tfbs/h
∑

k=1

tr S[k] Γcl(h)

[

R1 0
0 R2

]

ΓT
cl(h)

+ Tfbs

h KT (h)Q2(h)K(h)R2 + Tfbs

h Jconst(R1, h)

(19)
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where

S[k] =

Tfbs/h−k
∑

m=0

(ΦT
cl(h))mQcl(h)(Φcl(h))m

In summary, we have shown that the cost can be written as a sum of five
terms, where the two first terms represent the cost due to the initial state,
while the three last terms represent the expected cost due to future noise.

4 Efficient On-Line Optimization

Computing (19) on-line would be expensive. However, it can be noted that
almost everything in (19) can be precomputed off-line and stored in a look-
up table. On-line, we must only account for the current initial state, noise
intensity, and sampling interval.

4.1 Approximate Evaluation of the Cost

In (19), the initial state m0 is somewhat problematic, since the plant state
z[0] is not known by the feedback scheduler. However, if we assume that
the controller contains a state observer and that x̂[0] represents the current
state estimate, we may use

m0 ≈

[

x̂[0]
x̂[0]

]

(20)

Finally, under the assumption that the noise level will be constant during
the scheduling period and equal to R1 = r1R̄1, the expected cost can be
written as

JTfbs ≈ x̂T [0]Sx(h)x̂[0] + r1J1(h) + J2(h) (21)

where

Sx(h) = S11[0] + S12[0] + S21[0] + S22[0]

J1(h) =

Tfbs/h
∑

k=1

tr S[k]Γcl(h)

[

R̄1 0
0 0

]

ΓT
cl(h)

+ Tfbs

h Jconst(R̄1, h)

J2(h) =

Tfbs/h
∑

k=1

tr S[k]Γcl(h)

[

0 0
0 R2

]

ΓT
cl(h)

+ Tfbs

h KT (h)Q2(h)K(h)R2
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Table 1: Ordered table with Πi,k values for each plant and sampling periods.

h1 h2 . . . hj−1 hj

Plant 1 Π1,1 Π1,2 . . . Π1,(j−1) Π1,j

Plant 2 Π2,1 Π2,2 . . . Π2,(j−2) Π2,j

. . . . . . . . . . . . . . . . . .
Plant n Πn,1 Πn,2 . . . Πn,(j−1) Πn,j

Note that Sx(h) is a matrix function, while J1(h) and J2(h) are scalar-
valued functions. They can be computed off-line for each plant i and sam-
pling period h. Note that they do not depend on the current state estimate
nor on the current noise level. Therefore, they can be stored in a table for
run-time lookup. The on-line computations involves looking up the relevant
values from the table and applying Eq. (21).

4.2 Structure

For the implementation, we construct a table as illustrated in Table 1 with
entries Π(i, k) = {Sx(i, k), J1(i, k), J2(i, k)}, where i is the plant and k is
the position of the sampling period inside an ordered vector with h1 being
the smallest sampling period and hj the largest. Note that the number
of sampling periods h∗ for each control task within the specified ranges
[hmin

i , hmax
i ] depends on the granularity H, defined as the difference between

two consecutive periods, H = hk+1 − hk (and Tfbs mod H = 0).

4.3 Algorithm

Given estimates of the current noise levels (r̂i) and plant states (x̂i) the
algorithm that we propose searches for the minimum of the cost function.
The basic idea is to start with a non-schedulable solution where all task
periods at their minimal values. Then the task periods are incremented
successively in such a way that the cost function increment ∆J(i) in each
step is always minimal, until the task set is feasible. The algorithm is shown
in Figure 3.

By doing so, the algorithm assumes that each task should run with its
shortest period in order to achieve the minimum cost, i.e. the cost is a
convex, increasing function on the sampling period. However, this is not a
strict requirement. If the monotonicity assumption is removed, i.e., the cost
is only convex, the stopping condition for the algorithm is to reach a set of
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1: h = [hmin
1 , hmin

2 , . . . , hmin
n ]

2: C = [C1, C2, . . . , Cn]
3: x = [x1, x2, . . . , xn]
4: r = [r1, r2, . . . , rn]
5: while

∑n

k=1
Ck

hk

> Usp − Ufbs do

6: lower cost task = 1
7: for i = 1 to n do

8: if h(i) + H ≤ hmax
i

then

9: ∆J(i) = J(h(i) + H,x(i), r(i)) − J(h(i), x(i), r(i))
10: if ∆J(i) < ∆J(lower cost task) then

11: lower cost task = i
12: end if

13: end if

14: end for

15: h(lower cost task) = h(lower cost task) + H
16: end while

17: return h

Figure 3: Algorithm for the implementation of the period assignment.

feasible periods (as before) and ∀i, ∆J(i) > 0. The second condition forces
to enlarge tasks periods as long as they imply a decrease in the cost.

Note that it is possible to simplify the complexity of the optimization
algorithm down to O(k n), where n is the number of plants and k is the
number of possible sampling periods. In addition, the linear search applied
to the table could be replaced by more effective search algorithms.

4.4 A Note on Stability

It is well known that fast switching between stabilizing controllers may lead
to an unstable closed-loop system [14]. In our case, however, the switching
is assumed to be infrequent in comparison with the sampling intervals of the
controllers, meaning that stability will not be an issue in practice. Still, if
the control designer would like to assert stability for the family of controllers
with different sampling intervals, it can be done using techniques such as
finding a common Lyapunov function for the controllers [14].

4.5 Numerical Example

Let us consider three control tasks, each one controlling an unstable plant
whose model is given in (27). The task execution times are identical, C1 =
C2 = C3 = 2ms, and each task has three possible sampling periods, h1,2,3 =
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{20, 40, 60}ms. The total available CPU utilization for control activities
has been chosen to be U sp = 0.19. Only two kinds of solutions can match
these requirements: either all tasks must use the same (middle) sampling
period, h1 = h2 = h3 = 40ms, or each task must run at a different rate, e.g.
h1 = 20ms, h2 = 40ms, and h3 = 60ms.

For each control task and plant, three discrete-time LQG controllers have
been designed for the different sampling period choices. For example, for a
period of h = 20ms and a delay of τ = h/10 = 2ms, taking into account
a nominal noise intensity R̄1c = 0.0001BBT in (2) and R2 = 5 · 10−5, and
assuming the following design matrices

Q1c = 2CT C =

[

2 0
0 0

]

, Q12c =

[

0
0

]

, Q2c = 0.5

the discrete-time LQG regulator in the form (5)-(6) is characterized by

F =





−0.75548 −0.32571 0.01451
0.72449 0.29775 −0.01479
3.88150 1.63860 −0.07661





G =





1.6410
−0.1901
−0.1901





H =
[

3.8815 1.6386 −0.0766
]

K =
[

−5.1284
]

The on-line selection of sampling periods for the three control tasks is
done according to the cost function (21) and considering the algorithm shown
in Figure 3. Suppose that the initial state estimates for each plant when
the Feedback Scheduler is invoked are x̂1 = [0.5, 0.5, 0.5]T , x̂2 = [1, 1, 1]T ,
x̂3 = [1.5, 1.5, 1.5]T , while the noise level is high for Plant 1, r1 = 10, and
low for Plant 2 and 3, r2 = r3 = 1.

The algorithm begins by assigning the shortest periods, h1 = h2 = h3 =
20ms, as shown in Table 2. The period increment is H = 20ms. For this
set of periods, the task set is not feasible, U = 0.3 > 0.19. We therefore
start the first iteration of the algorithm by calculating Ji(h) and Ji(h + H).
We increment the sampling period for the control task of Plant2 because
it implies the smallest cost increment. The task set with the new periods,
h1 = 20ms, h2 = 40ms, and h3 = 20ms, is still not feasible, U = 0.25 > 0.19.
We therefore calculate a second iteration, and we conclude to increment
the sampling period for the control task of Plant3 because it implies the
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Iter. Ji(h) Ji(h + H) ∆Ji CPU Utilization

Init h1,2,3 = 20 0.30 > 0.19

P1 (h1 = 20) 0.554 1.197 0.644
1st P2 (h2 = 20) 0.082 0.157 0.075 −→ h2 = 40

P3 (h3 = 20) 0.116 0.205 0.090
0.25 > 0.19

P1 (h1 = 20) 0.554 1.197 0.644
2nd P2 (h2 = 40) 0.157 0.274 0.117

P3 (h3 = 20) 0.116 0.205 0.090 −→ h3 = 40
0.20 > 0.19

P1 (h1 = 20) 0.554 1.197 0.644
3th P2 (h2 = 40) 0.157 0.274 0.117 −→ h2 = 60

P3 (h3 = 40) 0.205 0.328 0.123
0.18 ≤ 0.19

Table 2: Algorithm example

smallest cost increment. Still the task set with the new periods, h1 = 20ms,
h2 = 40ms, and h3 = 40ms, is not feasible, U = 0.20 > 0.19. Hence,
we perform a third iteration iteration and we conclude to increment the
sampling period for the control task of Plant2 because it implies the smallest
cost increment. Now, the task set with periods h1 = 20ms, h2 = 60ms, and
h3 = 40ms is feasible, U = 0.18 ≤ 0.19, and the algorithm stops and returns
these periods.

5 Disturbance Estimators

The cost function (21) depends heavily on the variance of the process noise
and the measurement noise. Consequently, feedback scheduling schemes as-
suming stationary noise processes are not ideally suited to handle situations
when the level of noise changes dynamically. In the following we describe
two different on-line estimators for the intensity of the process noise, R1c.
The noise estimates can then be used by the feedback scheduler to obtain
updated finite-horizon cost functions, which are then used to compute the
optimal task periods. The performance of two proposed estimators are eval-
uated using real data.
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Figure 4: Evaluation of estimators.

5.1 Estimators

The task of the estimators is to produce estimates of the unknown process
noise intensity, r1, given measurements of the plant output, y. The estima-
tors are based on the residuals, ỹ = y − ŷ, for which the variance is given
by

σ2 = E (ỹỹT ) = CP̃CT , (22)

where
P̃ = E (xxT ) − 2 E (xx̂T ) + E (x̂x̂T ) (23)

depends on the plant, the noise, and the controller design.

Table 3: Evaluation of the noise estimation error

Estimator Plant Mean Standard
deviation

Residual Variance Estimator Plant1 2.9275 35.4591
Plant2 4.0785 34.8543
Plant3 4.5600 27.5753

Maximum-likelihood Estimator Plant1 0.4950 27.1081
Plant2 0.9900 27.9843
Plant3 0.4950 25.2356
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5.1.1 Residual Variance Estimator

The first method uses the observations of ỹ collected during the last feedback
scheduler period to compute the variance estimate

s2 =

∑N
1 ỹ2

N
, (24)

where N = Tfbs

h is the number of recorded observations. The value of s2

is then used in a look-up table of pre-computed values of r1 to obtain the
corresponding estimate, r̂1.

5.1.2 Maximum-Likelihood Estimator

In the second method, we again sum the squares of the residuals, ỹ, in the
feedback scheduler period. Using the fact that, if ỹi ∈ N(0, σ), then

1

σ2

N
∑

1

ỹ2
i ∈ χ2(N), (25)

a maximum-likelihood approach can be used to estimate which of several
values of r1 that is most likely given the observations. This approach could
be useful if it is a-priori known that the intensity of the noise can change
between certain levels.

5.2 Evaluation

The evaluation is performed on the experimental setup described in Section
6, where three plants are controlled by three control tasks implementing an
LQG controller with the specific settings given in Section 7.2. The intensity
of the process noise r(t) changes abruptly between the values 1 and 100.
The results of the noise intensities estimates r̂1 for one of the plants are
shown for both estimators in Figure 4.

By estimating the variance, σ2, of the residuals, ỹ, over a period of
Tfbs = 1 s, using Eq. (24) and translating the estimates to r̂1, we obtain
the estimates shown in Figure 4. For the maximum-likelihood estimation
we assume a-priori knowledge of the noise model, i.e., that the only two
possible values of the process noise are 1 and 100. Given ỹN =

∑N
1 ỹ2

i

recorded also during 1 s, we choose the estimate r̂1 = 1 if ỹN < ỹthres

and r̂1 = 100 otherwise, where ỹthres is given by the intersection of the
probability density functions for the two χ2 distributions characterized by
N = 25 and h = 0.04s. Its estimates are also shown in Figure 4.
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Figure 5: Experimental setup

Table 3 shows the mean value and standard deviation of the estimation
error r(t)− r̂(t) for the three plants. Both estimators are able to detect the
changes in the noise intensity. In this case, the maximum likelihood estima-
tor provides better numbers in terms of the mean and standard deviation of
the error. However, if the noise changes were not that abrupt, the residual
variance estimator would have performed better.

In addition, the implementation of the maximum likelihood estimator
typically requires less resources. For both estimators, ỹ2 can be computed
by each control task in the controller update part, while the estimator is
invoked by the feedback scheduler. However, in order to obtain accurate
estimates using the residual variance estimator, the number of possible noise
levels L used in the controller has to be large.

6 Experimental Set-up

As a prototype and performance demonstrator, a proof-of-concept imple-
mentation of the on-line sampling period assignment approach is presented.
The setup consists of three plants in the form of double integrator electronic
circuits that are controlled by three control tasks concurrently executing
in the Erika real-time kernel [15] and scheduled under the EDF scheduling
algorithm. The hardware platform is a Full Flex board [16] equipped with
a dsPIC micro-controller. A fourth task, acting as feedback scheduler, peri-
odically assigns new control task periods considering the current states and
noise intensities of the plants.
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Figure 6: Electronic double integrator circuit

Component Nominal value Validated value

R1/2 1kΩ 1kΩ

R1 100kΩ 100kΩ
R2 100kΩ 100kΩ
C1 470nF 420nF
C2 470nF 420nF

Table 4: Electronic components nominal and validated values

The three double integrators have been implemented on a custom daugh-
ter board that can be easily interfaced to the Full Flex base board (see details
in the manual [17]), as shown in Figure 5. To debug and extract information
from the micro-controller and plants, an RS232 link to a standard computer
has been established. This link is managed from the computer side using
Matlab c©.

6.1 Plant Details

Each plant is an electronic double integrator, as illustrated in Figure 6.
Note that in the integrator configuration, the operational amplifiers require
positive and negative input voltages. Otherwise, they will quickly saturate.
However, since the circuit is powered by the dsPIC, and thus no negative
voltages are available, the 0V voltage (Vss) in the non-inverting input has
been shifted from GND to half of the value of Vcc (3.3V) by using a voltage
divider R1/2. Therefore, the operational amplifier differential input voltage
can take positives or negatives values. The nominal electronic components
values are shown in table 4.
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The operational amplifier in integration configuration can be model by

Vout =

∫ t

0
−

Vin

RC
dt + Vinitial (26)

where Vinitial is the output voltage of the integrator at time t = 0, and
ideally Vinitial = 0, and Vin and Vout are the input and output voltages of the
integrator, respectively.

Taking into account (26), and the scheme shown in Figure 6, the double
integrator plant dynamics can be modeled by

dv2

dt
=

−1

R2C2
u

dv1

dt
=

−1

R1C1
v2

In state space form, the model is

[

v̇1

v̇2

]

=

[

0 −1
R1C1

0 0

] [

v1

v2

]

+

[

0
−1

R2C2

]

u

y =
[

1 0
]

[

v1

v2

]

Taking into account the tolerances in the electronics components (5% for
resistors and 25% for capacitors), the mathematical model that best matches
the circuit dynamics is given by the validated values listed in table 4. The
model validation has been performed applying a standard control algorithm
with a sampling period of h = 50ms, with reference changes, and comparing
the theoretical results obtained from a Simulink c© model with those obtained
from the plant.

With the validated values for the components, the model used for con-
troller design is given by

ẋ =

[

0 −23.809524
0 0

]

x +

[

0
−23.809524

]

u (27)

y =
[

1 0
]

x

where the state vector is x = [v1 v2]
T .

Figure 7 shows the results of this validation. In particular, the controller
gain designed via pole placement locating the desired closed loop poles at
λ1,2 = −15 ± 20i is K =

[

0.5029 −0.9519
]

. Since the voltage input of
the operational amplifier is 1.6V (which is half Vcc: the measured Vcc is
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Figure 7: Model validation.
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3.2V although it is powered by 3.3V), the tracked reference signal has been
established to be from 1.1V to 2.1V (±0.5V around 1.6V). For the tracking,
the feedforward matrix Nx is zero and Nx =

[

1 0
]

.
The goal of the controller is to make the circuit output voltage (v1 in

Figure 6) to track a reference signal by giving the appropriate voltage levels
(control signals) u. Both states v1 and v2 can be read via the Analog-to-
Digital-Converter (ADC) port of the micro-controller and u is applied to the
plant through the Pulse-Width-Modulation (PWM) port.

6.2 Software Organization

Table 5 details the main software tasks required for the implementation. For
each control task, the execution model presented in Section 2.2 is achieved
by implementing two subtasks, Calculate Control and Update Control,
and by configuring two interrupts in charge of the sampling and actuation
operations, Read State and Apply Control.

The Feedback Scheduler implements the algorithm shown in Figure 3,
whose input parameters are the current states and noise intensities of each
plant, and whose outputs are the set of new sampling periods. Two key
parameters of this task are the period Tfbs and the granularity H of the
algorithm.

Each plant is associated with a Noise Change task, that facilitates the
injection of noise with variable intensities r(t) and a configurable period
hnoise. The period of the Noise Change tasks as well as the activation times
with respect the the feedback scheduler periodicity are also key parame-
ters. In addition, the Noise Estimator task is also implemented. Whenever
used, each Update Control task, apart from updating the controller state,
computes ỹ2 at each execution in order to speed up the execution of the
Noise Estimator task.

Finally, the Send task for debugging and monitoring has to have a period
short enough to to obtain the monitoring data with enough accuracy.

7 Experimental Results

Extensive experiments have been performed. Although only a few specific
cases are summarized, the experiments are general and the results are not
limited to these or any other special cases.
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7.1 Key Parameters

The online period assignment approach has several key parameters that
influence the achievable control performance and the resource demands:

• The period of the feedback scheduler task, Tfbs: It is assumed that
Tfbs ≫ hi. A high value of Tfbs implies an implementation, which is
less responsive in face of changes in the controlled plants (perturba-
tions and noise) but also less computationally demanding. Finally, the
relation of Tfbs and the frequency of the noise level changes must be
also considered.

• The utilization set-point, Usp: It must be large enough to accommo-
date all the control tasks as well as the feedback scheduler task.

• The number of sampling periods for each control task, h∗, and the
granularity of the optimization algorithm H; these parameters are
highly related. The H granularity determines the number of sampling
periods h∗ for each control task. From a control perspective, it relates
to the accuracy of the optimization algorithm, that is, the smaller the
H (the bigger the number of possible periods h∗), the better is the
approximation to the exact solution of the optimization problem. (To
get the optimal solution we need H → 0.) On the other hand, the
smaller the H, the bigger the computational overhead of the search
algorithm and the memory requirements for storing the search table.

• Controller design strategy: The controller gains can be designed for a
constant noise level or for several noise levels. The memory demands
of the strategies are different. For a nominal noise level, the number
of controllers to be stored in memory for a control task is h∗, while it
is h∗L for the case of L different noise levels.

• The frequency of change of the noise intensities, hnoise: if the noise
intensities change too frequently, the contribution of the feedback
scheduling strategy with respect to noise attenuation will be negligible
and the algorithm will perform similar to [5]. Hence, it is required to
have hnoise ≥ Tfbs.

• The number of noise intensity levels L: this determines the type of
estimator to be used, as well as the number of controllers to be stored
in memory and the parameters required by the estimator itself (trans-
lation table or thresholds for the variance or maximum likelihood es-
timator, respectively).
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• Noise level estimation: The used estimator depends on the noise pat-
tern present in the plant.

In addition to the implementation of the optimal sampling period selec-
tion approach, a complementary implementation has been also coded into
the Erika kernel. It corresponds to the traditional static, periodic case: the
three control tasks always execute with the same sampling period, irrespec-
tive of noise changes. In some of the evaluated scenarios, small modifications
have been also applied to the periodic case in order to provide more illus-
trative performance numbers.

In the following subsections we characterize the performance of the pro-
posed approach considering a base scenario, and then we modify several of
the listed parameters to achieve a complete performance analysis.

7.2 Base Scenario

For the results presented in this section, the following parameters charac-
terizing the base scenario have been applied:

• The feedback scheduler task period is Tfbs = 1000ms.

• The utilization set-point is Usp = 0.0135.

• Sampling period choices for each controller are defined as follows. Con-
sidering that the feedback scheduler execution time is Efbs = 1.6ms,
the available CPU utilization for the three control tasks is Usp−Ufbs =
0.0135 − 1.6

1000 = 0.0119. Considering that the execution time of each
controller is E1,2,3 = 0.180ms (0.083ms for the calculate part and
0.097ms for the update part), and the minimum period is specified
to be hmin

1,2,3 = 20ms, the longest period is hmax
1,2,3 = 90ms. Hence, for

the online period assignment, sampling period choices for each control
task range from 20 to 90ms. For the baseline periodic implementation,
sampling periods for control tasks are always 40ms, which gives the
same utilization factor Usp.

• The granularity of the optimization algorithm is set to H = 10ms.
Hence, each task can run at h∗ = 8 different sampling periods.

• Noise intensities, periodicity and noise estimator: Two noise levels
named low and high are injected to the plant, ri(t) = 1, 100. The
artificial tasks injecting noise are configured in such a way that
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– during an interval of 3000ms, one plant is injected a high intensity
noise, i.e. r(t) = 100, while the others two are injected a low
intensity noise, i.e. r(t) = 1. Hence R1c,low = 1 · R1,baseB

T B =
[0 0; 0 0.1] and R1c,high = 100 · R1,baseB

T B = [0 0; 0 10], where
R1,base = 0.0002209. The plant affected with the high intensity
noise varies cyclically every 3000ms. We refer to this noise pattern
as a noise with a period of hnoise = 3000ms.

– Changes in noise intensities happen at the beginning of the exe-
cutions of the feedback scheduler task, that is, noise and feedback
scheduler are fully synchronized.

– An ideal noise estimator is considered.

• Each control task implements an LQG controller considering the plant
model (27), the cost function (7) with

Q1c =

[

1 0
0 1

]

, Q12c =

[

0
0

]

, Q2c = 1,

the noise level as described above with R2 = 5 ·10−5 and parametrized
according to the sampling period that applies among the possible
choices. For the case of the controllers for the periodic baseline strat-
egy, the parameters are the same but the noise level is specified to be
the highest level that applies.

Each execution run lasts 200s and the monitoring task that sends the
plant states and control signals through the RS232 link executes with a
period of 5ms.

7.3 Performance Metric

The evaluation of the optimal on-line sampling period assignment and the
periodic case has been performed for each plant according to the cost func-
tion

J =
200
∑

k=0

∫ 0.005(k+1)

0.005k

∥

∥

∥

∥

xi(t)
ui(t)

∥

∥

∥

∥

2

Qci

dt (28)

Therefore, the cost evaluation for each plant is done using the states and
control signals that are taken every 5ms. These values, evaluated in the cost
function during 200s give the cost of each plant. Summing the three costs
for the three plants, we obtain the accumulated overall cost.
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Figure 8: Cumulative cost of the optimal sampling period assignment ap-
proach, named “optimal”, vs. the standard periodic approach, named “Pe-
riodic”.

7.4 Base Scenario Evaluation

The result for the base scenario is shown in Figure 8. The figure shows
the accumulated cost for the three controllers using the on-line sampling
period assignment presented in this paper, named “Optimal”, compared to
the standard approach, named “Periodic”: the lower the curve, the lower
the cost, i.e. the better the approach. As it can be seen, after 200s, the cost
improvement of the optimal with respect to the static is around 40%. It is
important to stress that depending on different tuning parameters such as
those specified in Section 7.2, the exact percentage of improvement can be
different.

Figure 9 shows details of the control performance of the standard periodic
policy (sub-figure 9a) and the on-line period assignment policy (sub-figure
9b). Each sub-figure shows the dynamics of the three plants, each one
affected by a high noise level during an interval of 3000ms. For the standard
policy, the dynamics are strongly affected by the noise intensities. However,
the optimal policy has the ability of mitigating the effects of the noise due to
the online sampling period adjustment. Therefore, the cost for the optimal
is lower than the cost for the periodic.

To further illustrate the behavior of the presented approach, Figure 10
shows the details of the periodic (sub-figure 10a) and optimal (sub-figure 10b)
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Figure 9: Plant dynamics for the three plants

approach for a given plant. Each sub-figure shows the plant response in the
top and the sequence of sampling periods in the bottom. In the periodic,
regardless of the noise that is affecting the plant, the sampling period is
always the same, 40ms. In particular, during the time interval from 11s to
14s, the noise intensity for Plant1 is high. However, for the on-line policy,
during the same time interval having a high intensity noise, the controller
task period is changed by the feedback scheduler to 20ms, and its immediate
effect is to mitigate the noise effects in the plant output. In addition, when
the noise in the plant changes to a low intensity at time 14s, the controller
period is reset to 80ms and later on to 90ms, giving room to other tasks
that will need more CPU.

7.5 Single Controller

In the previous experiment, the three controllers for the optimal strategy
were updating the control parameters according off course to the sampling
period but also to the noise level intensity. However, the three controllers
for the periodic strategy were constant.

Figure 11 shows the combined analysis of control performance and mem-
ory demands for the periodic and for the feedback scheduling approach fol-
lowing different controller design strategies. The first two “cost/memory”
bars on the left show the performance of the periodic approach for two cases,
where both controllers always execute at 40ms. The first cost/memory bar
on the left (labeled “Periodic 1C”) is the case when only one controller gain
applies, which corresponds to the upper curve in Figure 8. The memory
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Figure 10: Plant dynamics and sampling periods for one plant

demand in this case is for storing one controller, which means storing ma-
trices F , G, H, and K. In our case, the matrices contain 16 floats, that is,
64 bytes. The second cost/memory bar on the left (labeled “Periodic 2C”)
is also the standard periodic case with the difference that two sets of control
parameters apply depending on the noise level. The cost is a little bit better
(lower) than the first case. The memory demand in this case is for storing
two controllers, that is 128 bytes.

The two “cost/memory” bars on the right of Figure 11 show the perfor-
mance of the optimal approach for two cases. The first cost/memory bar
(labeled “Optimal 1C”) is the case when the controller gain is designed for
one noise level for each sampling period. The cost is much better than the
previous two periodic strategies. The memory demand in this case is for
storing h∗ = 8 controllers, that is, 512bytes. The second cost/memory bar
(labeled “Optimal 2C”) is the case when the control parameters that apply
also depend on the noise level. The cost in this case is the best, which is
the one also shown by the lower curve of Figure 8. The memory demand in
this case is for storing h∗L controllers, that is 1 Kb.

The application of the feedback scheduling approach is clearly beneficial
in terms of control performance at the expenses of using more memory.

7.6 Granularity H

The granularity H of the search table used by the optimization algorithm
specifies the number of sampling period choices for each controller. In the
base experiment, H = 10 ms.
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Figure 11: Cumulative cost and memory demand analysis of the optimal
sampling period assignment approach, named “Optimal”, vs. the standard
periodic approach, named “Periodic” with different controller gain design
strategies.

Figure 12a shows the performance of the feedback scheduling strategy
for different values of H. When the granularity is small, say H = 1 ms (or
H = 2 ms), a number of 90−20

1 +1 = 71 (or 36) entries appears in the search
table of the optimization algorithm. As a consequence the execution time
of the feedback scheduler increases, and the additional overhead that this
represents leaves no room for the control tasks to speed up their rate of exe-
cution to improve control performance, as shown by the top curve (or third
highest curve). When the granularity is high, say H = 30 ms, the number
of period choices is very limited, and therefore, although the overhead of the
feedback scheduler is very small, control tasks can not take advantage of the
available CPU as efficiently, as shown by the second performance curve from
the top. Hence, from a control point of view, the granularity H has to be
chosen carefully, avoiding introducing significant overhead in the feedback
scheduler but still giving enough period choices for each task. Good values
in this experiment are H = 5, 10 or 20, which basically provides the same
performance (the lower three curves).

Figure 12b complements the previous analysis by showing the CPU time
consumed by the feedback scheduler for each H choice. It can be seen that as
H decreases, the overhead increases exponentially. It has to be pointed out
that better search algorithms in the optimization procedure of the feedback
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Figure 12: Performance analysis of the algorithm granularity H
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Figure 13: Cumulative cost of the optimal sampling period assignment ap-
proach for different CPU utilization set-points with respect U ′

sp = 0.0135.

scheduler than the linear search that we have applied could result in lower
computational overhead.

7.7 CPU Utilization Setpoint

In the base experiment, the CPU utilization set point was Usp = 0.0135.
Figure 13 shows the performance that can be achieved when the CPU uti-
lization set-point varies. As expected, the higher the set-point, the lower the
cost. However, as it can be seen in the figure, there is a point where having
more CPU dedicated to the online assignment approach does not provide
increased benefit in terms of control performance. This is due to the fact
that with a high CPU set-point, all the controllers can run at their highest
rate, h1,2,3 = 20ms, and therefore, no further improvement can be achieved
with an even higher CPU set-point.

In addition, although not shown in the figures, it is worth noting that
the higher the CPU set-point, the faster is the search algorithm because
finding a schedulable solution is easier.

7.8 Noise Levels

The base experiment assumed only two noise levels. Figure 14 shows the per-
formance of the feedback scheduling (labeled “Optimal”) and the periodic
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Figure 14: Cumulative cost of the optimal sampling period assignment ap-
proach when 4 noise levels are considered: r1(t) = 1 (extra-low), r2(t) = 10
(low), r3(t) = 50 (high), r4(t) = 100 (extra-high).

approach when the three plants are affected by four different noise levels.
As it can be seen, the feedback scheduling approach achieves a substantial
improvement. The achieved improvement is around 30% while in the case
of two noise levels it was around 40%. The more noise levels, the less ag-
gressive are the resulting controllers, and therefore, less control performance
improvement can be expected.

7.9 Feedback Scheduler Period vs Noise Period

In the base experiment, the period of the feedback scheduler was Tfbs =
1000ms while the period of the noise intensity changes was hnoise = 3000ms.
Figure 15 shows the behavior of the online period assignment approach
with respect to different values of the period of the feedback scheduler while
keeping the same noise intensity rate of change to hnoise = 3000ms.

As it can be seen in the figure, as long as Tfbs is smaller than hnoise,
the presented approach delivers good numbers. However, when this relation
does not hold, as for the case of Tfbs = 4s, then, the performance drastically
decreases. The reason is that for these cases, the feedback scheduler is not
responsive enough, and the given task periods are not adjusted anymore to
the correct real noise levels because they also change within a Tfbs. Hence,
the presented approach requires having Tfbs ≤ hnoise in order to provide good
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Figure 15: Cumulative cost of the optimal sampling period assignment ap-
proach for different period values of the feedback scheduler.

control performance results. Note also that a short noise period requires
then a short Tfbs, and therefore, the computational overhead of the feedback
scheduler may also jeopardize the behavior of the approach, where also H
plays an important role.

7.10 Noise Period

Up to now (except for the previous experiment) the noise changes occurred
exactly when the feedback scheduler task starts executing, that is, when
hnoise = Tfbs or hnoise = m · Tfbs, i.e. they are synchronized, representing
the best possible case. In this case, the feedback scheduler always assigns
periods according to the correct noise intensities.

Figure 16a shows the control performance of the presented approach for
different Tfbs values while keeping the relation hnoise = Tfbs. As it can be
seen, the performance is satisfactory except when the period is small, due
to the overhead introduced by many executions of the feedback scheduler.

Figure 16b shows the control performance of the presented approach
for Tfbs = 1000ms while not keeping the relation hnoise = Tfbs. In this
scenario, the synchronization is lost for different amounts of time. As it can
be seen, as the synchronization decreases, the cost increases. Therefore, the
successful operation of the online period assignment requires knowing the
correct noise intensities at the right time. This requires good accuracy for
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Figure 16: Cumulative cost of the optimal sampling period assignment ap-
proach for different patterns of the feedback scheduler periodicity and noise
periodicity
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Figure 17: Cumulative cost of the optimal sampling period assignment ap-
proach for random noise periodicity and application of the noise estimator

the noise estimator, and a slow noise intensity rate of change.

7.11 Noise Estimator Performance

Up to now, the noise estimator was considered ideal, that is, the feedback
scheduler had the exact noise intensity levels at each execution and during
the Tfbs interval, and the noise levels did not change.

In Figure 17 we show the performance of the presented approach with a
more realistic setting where noise intensities are estimated for each plant and
their rate of change is randomly generated. In particular, the random hnoise

is forced to be higher than the period of the feedback scheduler, that is,
we injected random but slow noise intensity changes. In addition, the noise
intensity estimation was performed by the maximum likelihood estimator
executed by the feedback scheduler task. In terms of overhead, the maximum
likelihood estimator only adds 0.015ms to each feedback scheduler execution
and requires storing two thresholds for computing the correct estimates,
one for each noise level. As it can be seen in the figure, the performance
improvement with respect the static case is still significant (around 15%).

It must be noted that the performance improvement shown in Figure 17
should not be directly compared to previous performance numbers because
the number of noise intensity changes is different, as well as the percentage
time during which the high noise intensity applies. In addition, all the
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Figure 18: Cumulative cost of the optimal sampling period assignment ap-
proach with respect previous work.

previous case studies in terms of computational and memory overhead, and
in terms of control performance also apply to this “real” scenario with the
appropriated scaling. However, in order to be able to characterize which
benefit is a consequence of a particular parameter, the ideal estimator was
more suited for the detailed performance analysis.

7.12 Policies Comparison

To finalize the performance analysis of the online period assignment, the
proposed approach is compared to two previous relevant approaches, Mart́ı
et al. 2004 [5] and Henriksson et al. 2005 [7]. The first approach considers
cost function that only depends on current plant information. The second
approach uses finite-horizon cost as in our approach but only considers sta-
tionary noise levels.

Using the same control settings for all the approaches as explained in
the base experiment, the performance numbers are shown in Figure 18. As
expected, Mart́ı et al. 2004 [5] provide the lowest performance because only
the current state is accounted for in the optimization and the noisy states
highly jeopardize the operation of the approach. Then, Henriksson et al.
2005 [7] provides a medium performance curve because varying noise is not
accounted for, and then the noise states predominate in the finite horizon op-
timization solution. Finally, the presented approach, labeled “Cervin 2009”,
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provides the best performance curve.

8 Conclusions

In this paper, we have demonstrated how feedback from the control ap-
plications can be used to on-line optimize the performance. The feedback
scheduler evaluates the expected cost over a finite time horizon, taking into
account the noise intensity, the sampling interval, and the computational
delay for each control loop. Based on this information, optimal sampling
intervals are assigned to the control tasks.

As for the theoretical contribution of the paper, we have shown how to
efficiently evaluate a quadratic cost function for a given linear plant and a
general linear controller, taking the computational delay into account. The
practical contribution of the paper is that we have demonstrated, on a set
of real plants, how a real-time implementation with feedback scheduling can
improve the control performance quite substantially compared to a state-of-
the-art periodic implementation. The practical results agree well with the
those predicted by the theory.
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[8] R. Castañé, P. Mart́ı, M. Velasco, A. Cervin, and D. Henriksson, “Re-
source management for control tasks based on the transient dynamics of
closed-loop systems,” in Proceedings of the 18th Euromicro Conference
on Real-Time Systems, Dresden, Germany, Jul. 2006.
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Functionality Name of task Type Comments

Feedback

Scheduler

Feedback Scheduler RT TASK Periodic real-time task with
period Tfbs that computes
suitable periods for the three
control tasks

For each

controller

Calculate Control RT TASK Periodic real-time task that
computes the control signal
with the period h given by the
feedback scheduler and a rela-
tive deadline equal to h/10

Update Control RT TASK Periodic real-time task that
updates the controller state
with the same period as the
Calculate Control task but
with a relative deadline equal
to h

Read State RX Interrupt Time-triggered interrupt that
samples the plant. Its pe-
riod is the same as the
Calculate Control task

Apply Control RX Interrupt Time-triggered interrupt that
applies the control signal
to the plant. Its pe-
riod is the same as the
Calculate Control task but
with an offset of h/10

Noise Noise Change RT TASK Periodic real-time task with a
tunable period hnoise that in-
jects noise to each plant

Noise Estimator RT TASK Periodic real-time task that
implements the noise inten-
sity estimator. It is triggered
by the Feedback Scheduler

task.

Debugging Send RT TASK Periodic real-time tasks that
sends data through the RS232
link for logging and debugging
purposes every 5ms

Table 5: Software tasks in each board.
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