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Abstract— Standard discrete-time control laws consider pe-
riodic execution of control jobs. Although this assumption
simplifies the control design and the resource utilization analysis
for later implementation, it leads to a conservative usage of
computing resources. On the contrary, event-driven control
offers controllers with a tighter resource utilization. However,
job executions are no longer periodic, and predicting their
computing requirements is crucial for efficient implementation
in severely limited computing systems.

Sampling intervals for event-driven control systems show
different patterns, ranging from chaotic behaviors to periodic
oscillatory patterns, named equilibrium sampling interval se-
quences (ESIS). Focusing on resource demands predictability, in
this paper we identify the conditions for event-driven controllers
to exhibit ESIS, and provide methods to characterize and
compute them. Finally, we study the transitions from ESIS to
chaotic sampling. Simulated experiments illustrate the paper
contributions.

I. INTRODUCTION

The computation load required by controllers is propor-
tional to their rate of execution. Event-driven control systems
offers controllers with a lower resource utilization than stan-
dard periodic discrete-time control laws while providing sim-
ilar control performance [2]. Hence, event-driven controllers
seems to be the natural choice for networked and embedded
control systems with sever resource limitations. However,
implementation feasibility requires to analyze their exact
resource demands [3]. Unfortunately, the execution of event-
driven control jobs is no longer periodic, and estimation of
their computation load requires an accurate analysis.

In event-driven control systems, jobs executions are trig-
gered by event conditions (execution rules). Generally speak-
ing, these rules ensure that the plant will be sampled and a
new control signal will be applied when the system trajectory
will reach a boundary defined by a tolerated distance (or
error) to the previous sampled state. Depending on several
parameters such as plant, controller, boundary, and tolerated
error, sampling intervals for event driven controllers show
different patterns, ranging from chaotic behaviors to periodic
oscillatory patterns, named equilibrium sampling interval
sequences (ESIS). Note that an ESIS may determine having
an event-driven controller executing periodically, but also
having the controller periodically switching between two or
more sampling intervals.
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Recent works [4], [5], [6], [3], [7], [8] on event-driven
control have focused on deriving timing properties that help
characterizing controllers’ resource demands. In particular,
given an event-driven formulation, they show how jobs
activation times can be derived a priori, either using approx-
imations or bounds.

Complementary to these results, but aligned in the same
direction, this paper studies the type of activation inter-
vals that event-driven controllers generate. First of all,we
look into under which conditions event-driven controllers
will exhibit ESIS. Afterwards, we provide methods to pre-
dict/compute them, when possible.

The computational load of an event-driven controller is not
completely defined after predicting an ESIS. Care must be
taken because not all the ESIS are desirable. In fact, ESIS can
be consideredstableor unstable. An event-driven controller
having an unstable ESIS may eventually switch to another
ESIS if its closed-loop dynamics are perturbed. Therefore,
predicting an unstable ESIS does not give assurances on the
controller resource demands. This problem is also covered
in the paper.

Finally, as stressed before, some job activation patterns are
chaotic. Therefore, it is also of great importance to study the
transitions from ESIS to chaotic sampling in order to provide
condition for the limits on resource demands predictability.

The rest of this paper is structured as follows. Section II
establishes the event-driven control model. Sections III mo-
tivates the approach presented in the paper with an intuitive
analysis of ESIS. Section IV provides the complete char-
acterization of ESIS. Section V analyzes switching between
ESIS, and to chaotic sampling. Finally, Section VI concludes
the paper.

II. EVENT-DRIVEN CONTROL SYSTEM MODEL

We consider the control system

ẋ(t) = Ax(t) + Bu(t)
y(t) = Cx(t)

(1)

with x ∈ R
n×1, A ∈ R

n×n, B ∈ R
n×m, u ∈ R

1×m, and
C ∈ R

1×n. Let

uk = Lx(ak) = Lxk (2)

be the control updates given by a linear feedback controller
designed in the continuous-time domain but using only
samples of the state at discrete instantsa0, a1, . . . , ak, . . ..
Between control updates,u(t) is held constant. In periodic
sampling we haveak−1 = ak + h, whereh is the period of
the controller.



The system trajectory, after the sampling timeak, evolves
according to

∀t ≥ ak x(t) = (Φ(t − ak) + Γ(t − ak)L)xk (3)

whereΦ : R → R
n×n andΓ : R → R

n×m are defined by

Φ(t) = eAt and Γ(t) =

∫ t

0

eAsdsB

Let
ek(t) = x(t) − xk (4)

be the error evolution between consecutive samples with
t ∈ [ak, ak+1[. For several types of event-driven control ap-
proaches, e.g. [4] or [7], event conditions can be generalized
by introducing a generic functionf : R

n × R
n → R that

defines a boundary measuring the tolerated error with respect
the sampled state. The condition that must be ensured is

f(ek(t), xk,Υ) ≤ η (5)

where η is the error tolerance andΥ = {υ1, υ2, . . . , υp},
υi ∈ R is a set of free parameters. Henceforth, the considered
boundaries will be restricted to

f(x(t) − xk, xk,Υ) = f(x(t) − cxk, cxk,Υ) (6)

wherec ∈ R. That is, we consider boundaries that scale with
the state along any direction.

Observation 1:Restriction (6) means that states having
the same direction will have the same sampling interval. Note
that if the sampled state scales by two, the control signal will
also scale by 2 (2) and therefore the closed loop state will
move twice faster. And since the boundary is twice “bigger”
(6), the time taken by the state to reach it will be the same.

Hence, we can define the complete dynamics of the event-
driven system by then + 1 non linear discrete-time system

ak+1 = ak + Λ(xk,Υ, η)
xk+1 = (Φ(Λ(xk,Υ, η)) + Γ(Λ(xk,Υ, η))L)xk

(7)

whereΛ : R
n → R is the solution to (1), (2), and (5) that

gives the sequence{ak} of activation times.

A. Preliminaries

Definition 1: Let

hk+1 = Λ(xk,Υ, η) (8)

denote thek+1th sampling interval as the time elapsed from
ak to ak+1.

Definition 2: Let the n-equilibrium sampling interval se-
quence (n-ESIS)

h̄n = {h1, h2, . . . , hn} (9)

denote the periodic sequence ofn consecutive sampling
intervals.

From observation 1, and also similar to the approach taken
in [8], the following lemma holds.

Lemma 1:For an event-driven control system (1)-(2) with
(5) fulfilling (6), ∀xi, xj , if xi = λxj , λ ∈ R, then it holds
that Λ(xi,Υ, η) = Λ(xj ,Υ, η).

Note that the inverse implication is not true. Two states
having different directions can present the same sampling
interval becauseΛ−1(x,Υ, η) may be a multi-valuated func-
tion.

B. Example

Throughout the paper, we will illustrate the different
results using the double integrator system

ẋ = Ax + Bu

where

A =

[

0 1
0 0

]

, B =

[

0
1

]

.

For illustrative purposes, we will consider

ẋT
k+ ẋk+t2 = ηxT

k xk (10)

or
(x(t) − xk)T (x(t) − xk) = ηxT

k xk (11)

as execution rules for triggering the control updates given
by a continuous feedback lawL =

[

l1 l2
]

. Eq. (10)
intuitively mandates to trigger more frequent control updates
when the state moves fast while (11) is a typical quadratic
execution rule, similar to that used for example in [4]. In
(10), ẋk+ = (A+BL)xk, denoting the state derivative once
the controller has been applied to the sampled state.

III. 1-ESIS CHARACTERIZATION: THE
MOTIVATING ANALYSIS

In many cases, for an small tolerated error, the dynamics
of an event-driven control system are given by the dynamics
of the continuous system. In this cases, if the eigenvalue of
the continuous closed loop matrix with largest real part is
real, the event-driven system will exhibit a 1-ESIS. This is
condensed in the following proposition.

Proposition 1: Consider an event-driven control system
(1)-(2) with (5) fulfilling (6) such thatlim

η→0
Λ(xi,Υ, η) = 0.

For this system, letλ = max(Re(λi)) where(A+BK)vi =
λivi. If λ ∈ R andη << 1, then h̄1 ≈ Λ(vi,Υ, η).

Proof: Let thexk+1 dynamics of (7) be rewritten as

xk+1 = xk + Ψ(Λ(xk,Υ, η))(A + BK)xk (12)

where [1]

Ψ(t) =

∫ t

0

eAsds , Φ = I + AΨ , Γ = ΨB

For η << 1, the time elapsed from the sampled state to
reaching the boundary tends toward zero. Hence, the Taylor
series ofΨ(·) converges, and the first order approximation
is given by Ψ(Λ(xk,Υ, η)) ≈ Λ(xk,Υ, η). Using this
approximation (12) gives

xk+1 ≈ xk + Λ(xk,Υ, η)(A + BK)xk (13)

Considering Lemma 1 and the system’s dynamics, the system
will have an 1-ESIS ifxk+1 = λxk, that is, if it existsx∗

such that

x∗ + Λ(x∗,Υ, η)(A + BK)x∗ ≈ λx∗ (14)
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Fig. 1. Sampling interval sequence.

Reordering (14),

(A + BK)x∗ ≈ λ′x∗ (15)

whereλ′ = λ−1
Λ(x∗,Υ,η) . Sinceλ′ ∈ R, it follows that h̄1 ≈

Λ(x∗,Υ, η).

Proposition 1 can be read as states lying on real eigenvec-
tors of the closed-loop system will exhibit a 1-ESIS. Note
that real eigenvectors are equilibrium directions.

Example 1:Consider the double integrator system with
execution rule (10) whereη = 0.0001, and feedback gain
L =

[

−30 −11
]

. From (15), the eigenvectors of the

closed loop system arev1 =
[

0.1961 −0.9806
]T

and

v2 =
[

−0.1644 0.9864
]T

with λ1 = −5 and λ2 = −6
as eigenvalues, respectively. Taking into account that from
(10) it follows that

Λ(xk,Υ, η) =

√

η
xT

k xk

xT
k (A + BL)T (A + BL)xk

, (16)

the dominant eigenvector gives an approximate 1-ESIS of
h̄1 = 0.0020 seconds. To corroborate this result, Fig-
ure 1 shows the sampling interval sequence for the event-
driven controller when the plant initial conditions arex0 =
[

0.54 0.84
]T

. The x-axis is simulation time, and each
control update is represented by a dot, whose height indicates
the time (in seconds) elapsed to the next control update, that
is, the sampling interval length. As it can be seen in the
figure, the sampling sequence shows an asymptotic dynamics
toward0.00205 seconds.

IV. GENERAL n-ESIS CHARACTERIZATION

Definition 3: Let

Λh = {x ∈ R
n/Λ(x,Υ, η) = h} (17)

be the set of points inRn having the same sampling interval.
Definition 4: Let f

(i)
e (·) : R

n → R
n be the event recur-

sive map defined as

f
(0)
e (x) = x

f
(1)
e (x) = (Φ(Λ(f

(0)
e (x),Υ, η))+

Γ(Λ(f
(0)
e (x),Υ, η))L)f

(0)
e (x)

f
(2)
e (x) = (Φ(Λ(f1

e (x),Υ, η))+

Γ(Λ(f1
e (x),Υ, η))L)f

(1)
e (x)

...

f
(i)
e (x) = (Φ(Λ(f

(i−1)
e (x),Υ, η))+

Γ(Λ(f
(i−1)
e (x),Υ, η))L)f

(i−1)
e (x)

(18)
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Fig. 2. Sampling interval sequence forming an 4-ESIS

which recursively iterates from a given state the discrete
event-driven dynamics (7) considering the corresponding
sampling interval.

Definition 5: Let F
(i)
e (·) : R

n → R
n

F (i)
e (Λh) = {x ∈ R

n/f i
e(x0) = x,∀x0 ∈ Λh} (19)

be the set of points inRn resulting from applyingi−times
the discrete event-driven dynamics to all points inR

n having
the same sampling interval

Theorem 1:If an event-driven control system (1)-(2) with
(5) fulfilling (6) exhibits an n-ESIS, then it exists aΛh and
n ∈ R such thatF (n)

e (Λh) = Λh, i.e., Λh is an invariant set
of F

(n)
e (·).
Proof: Having n-ESIS means that there is a sampling

interval sequencēhn = {h1, h2, . . . , hn} such thathn+i =

hi. Suppose thatF (n)
e (Λhi

) 6= Λhi
. Then∃x ∈ F

(n)
e (Λhi

)
such thatΛ(x) 6= hi, which contradicts the n-ESIS existence
assumption.

Example 2:For standard linear discrete-time control sys-
tems with periodic sampling,hs, Λh = R

n. As pointed
out in [6], for standard discrete-time periodic systems, the
boundary that generates constant sampling is given by

eT
k ek = xT

k Q(t)xk (20)

whereQ(t) = (Φ(t)+Γ(t)L−I)T (Φ(t)+Γ(t)L−I). From
(20) it follows that any controller has a 1-ESIS ofh̄1 = {hs}

becauseF (1)
e (Λh) = Λh. Note that for this particular case,

Λh is an invariant set ofF (i)
e (·), i = 1, 2, 3, . . . becauseΛh

is defined to be constant.
Example 3:Taking the system of example II-B with ex-

ecution rule (11) withL = [−1 − 2] and η = 0.368,
it holds that F

(4)
e (Λ0.4557) = Λ0.4557 where Λ0.4557 =

{α[0.9865, 0.1638]T , α ∈ R} ∪ {β[0.5164,−0.8564]T , β ∈
R}. In fact, this system has an 4-ESIS of̄h4 =
{0.4557, 0.5704, 1.1173, 1.2239}, as illustrated in Fig. 2.
Therefore,Λ0.5704, Λ1.1173 and Λ1.2239 are also invariant
sets ofF (4)

e (·).

A. DeterminingΛh

For a given linear event-driven control system setup,
theorem 1 is the condition of existence of an n-ESIS, but
it does not provide methods to compute it. The following
proposition provides a sufficient condition that permits to
easily compute some n-ESIS.

Proposition 2: For an event-driven control system defined
by (1)-(2) with (5) fulfilling (6), if ∃λ ∈ R andx∗ ∈ R

n such
that λx∗ = f

(i)
e (x∗), then Λh = {x ∈ R

n/Λ(x,Υ, η) =
Λ(x∗,Υ, η)}.



Proof: If λx∗ = f
(i)
e (x∗), then x∗ is an eigenvector

of f
(i)
e (·) and thus its direction does not change, i.e., it’s an

equilibrium direction. By lemma 1 it holds that all points in
the lineλx∗ have the same period.

Observation 2:The problem of finding equilibrium di-
rections given by Proposition 2 may be read as finding
the equilibrium points of the projection of the event-driven
dynamics given byf (i)

e (·) onto an sphere. The projection of
the dynamics is found by applying

Π : R
n → Sn−1 ∈ R

n (21)

x → Π(x) =
x

|x|

to f
(i)
e . The resulting functionΠf i

e = Π(f
(i)
e ) describes

how the orientation of the statex changes at each iteration
by associating each state direction to a point inSn−1. The
application of (21) to the premise of proposition 2, that is,

Π(λx∗) = Π(f (i)
e (x∗)), (22)

transforms to

x̄∗ = Πf (i)
e (x̄∗). (23)

Therefore finding equilibrium directions for an event-driven
control system is equivalent to finding equilibrium points of
Πf

(i)
e (·).
Being a sufficient condition, Proposition 2 will not capture

all the possible n-ESIS. In fact, we conjecture that it is unable
to capture n-ESIS of event-driven control systems when there
are limit cycles inΠfk

e (·).
Example 4:Consider a standard linear discrete-time con-

trol system with periodic samplinghs, of dimensionn = 2.
Consider a controllerL that locates complex conjugated
discrete poles in the closed-loop discrete dynamics. In this
situation,Πfk

e (·) has no equilibrium points and proposition
2 will fail at finding hs. However, the theorem is able to
determine its existence (as illustrated in example 2).

Taking into account lemma 1, proposition 2 and observa-
tion 2, we can derive a graphical interpretation of n-ESIS
for second order system (see Figures 3 and 4). Consider the
diagram where the variable of interest is the state vector
orientation. In this bi-dimensional state space, we represent
S1 by the interval[0, 2π]. The diagram has two curves gen-
erated by 1-map defined asθk+1 : [0, 2π] → [0, 2π] such that
θk+1 = arg [(Φ(Λ(xk)) + Γ(Λ(xk))L) [cos(θk) sin(θk)]].
This map shows how the orientation evolves at each step
as function of the previous orientation. The first curve is
generated by the 1-map∀θ0 ∈ [0, 2π], that is, it gives all
possible transitions between consecutive orientations, for all
orientations. The second curve, with a squared shape, only
gives the transitions between consecutive orientations from
a given initial orientation. When the squared curve visits a
point in the other curve (or in the diagonal) two times, an n-
ESIS is identified. Moreover,n will be the number of visited
intermediate points before revisiting the same point, making
an n-cycle orbit.

Example 5:Consider the diagram for example 3 shown
in Figure 3. As it can been seen, the squared curve starting

−3 −2 −1 0 1 2 3
−3

−2

−1

0

1

2

3

Orietation [rad]

O
ri

e
ta

ti
o

n
 [

ra
d

]

Fig. 3. 1-dimension maps for the orientation of the event driven control
system dynamics
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Fig. 4. Zoom in of the previous figure.

near [0.8, 0.8] evolves to a 4-cycle orbit. This fact can be
better observed in the detailed plot 4.

B. Stability of n-ESIS

Theorem 1 and proposition 2 do not differentiate between
stable and unstable n-ESIS. Consider that the starting point
of a given event-driven dynamics belongs to an unstable n-
ESIS. Although the dynamics will stick to this sampling
sequence, a minimal perturbation may provoke to switch
to another dynamics governed by an stable n-ESIS. From a
resource utilization predictability point of view, this situation
is extremely undesirable. Predicting the computation load
of the controller in the unstable n-ESIS does not guarantee
feasibility of the implementation because suddenly the con-
troller may demand a different load if a switch to an stable
n-ESIS occurs. Therefore, it is of interest to study whether
n-ESIS are stable or not.

The stability analysis of the setΛh of F
(n)
e (·) using the

theory of invariant sets for discrete maps applied to (7) is left



for future work. However, taking advantage of proposition
2, we can easily characterize the stability of the n-ESIS
generated by equilibrium directions.

Proposition 3: For an event-driven control system defined
by (1)-(2) with (5) fulfilling (6), an n-ESIS obtained by
proposition 2 will be stable if the eigenvalues of

∣

∣

∣

∣

∣

∂Πf
(i)
e (x)

∂x

∣

∣

∣

∣

∣

x∗

(24)

are less than one in absolute value.
Proof: It follows from observation 2 and the application

of the Lyapunov indirect method.
Observation 3:Note that when the eigenvalues of the

Jacobian (24) are larger than one in absolute value, the n-
ESIS will be unstable. Those equal to1 in absolute value
require a deeper analysis.

Example 6:Taking again example 3, we study whether its
4-ESIS are sable and unstable. Starting from the equation

λx∗ = f (4)
e (x∗) (25)

we can compute its solutions, which gives8 4-ESIS. By
applying proposition 3 we can conclude that4 of them are
stable. In particular, we identified an 4-ESIS forλ0.4557. The
Jacobian matrix (24) for this system atx ∈ Λ0.4557 is

J =

[

0.4238 0.2556
−0.2909 −0.1754

]

. (26)

And its eigenvalues areλ1 = 0 and λ2 = 0.2448, that are
less than1 in absolute value. Therefore, the 4-ESISh4 =
{0.4557, 0.5704, 1.1173, 1.2239} is stable.

V. BIFURCATIONS

After characterizing n-ESIS, from a controller resource
utilization point of view, it is of interest to study when the
event-driven closed loop dynamics jumps from one n-ESIS
to an m-ESIS when a ”parameter” varies, for example, as
a function of the tolerated errorη. This can be assessed
by applying bifurcation theory, e.g. [9] or [10]. Our first
concern is to study how small variations inη affect n-ESIS.
Afterward, we will study under which conditions the event-
driven dynamics jump from one n-ESIS to another.

The equilibrium directions of the event-driven dynamics
are the equilibrium points of its projection on the sphere,
which are the solutions of

G(x, η) = Πf (i)
e (x, η) − Πx = 0. (27)

For the sake of clarity, in (27) we explicitly show the
dependency off (i)

e (·) on η.
Proposition 4: For an event-driven control system defined

by (1)-(2) with (5) fulfilling (6), the evolution of an n-ESIS
obtained by proposition 2 with respect to small changes in
η is

δx∗ =

(

∂G

∂x

)

−1
∂G

∂η
δη. (28)

Proof: According to proposition 2 and observation 2, n-
ESIS are generated by equilibrium points of the event-driven
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Fig. 5. Bifurcation of the example 7

dynamics projected over the sphere. Such equilibrium points
are the solutions of (27). For someη, given an equilibrium
point x∗, it holds thatG(x∗, η) = 0. If we vary a little bitη
with δη, the corresponding variation onx = x∗+δx∗ should
also fulfil (27). Therefore, the first Taylor approximation of
(27) evaluated on this variation is

G(x∗ + δx∗, η + δη∗) = G(x∗, η) +
∂G

∂x
δx∗ +

∂G

∂η
δη = 0,

which yields to (28).
Observation 4:Equation (28) describes how the n-ESIS

evolves asη slightly changes. Given the equilibrium state,
that is, given an starting direction and sampling interval
Λ(x∗), we can computēhn and we can assess how̄hn

changes asη slightly changes. This permits to determine the
computational load of a controller depending for example on
η, that is, it permits to perform resource utilization analysis
as a function ofη.

To study when a given event-driven dynamics jumps from
one n-ESIS to an m-ESIS, we have to look when stable
equilibrium points of the projection of the dynamics on the
sphere are no longer stable. Looking at (28), it will be not
well defined when

(

∂G
∂x

)

loses its rank, that is, when its
eigenvalues are zero. In this case, one or more eigenvalues
of (24) reach the unit circle. That is, stability is lost. At this
point a bifurcation occurs, and the event-driven dynamics
jump to another n-ESIS. The type of bifurcation depends on
how many eigenvalues crosses the unit circle, and how they
cross it. There is a very extensive literature on this topic to
perform the analysis, see e.g. [10].

Example 7:Consider again example 3 withη in the range
[0.20, 0.22]. This system presents an 1-ESIS atη = 0.20 and
a 2-ESIS atη = 0.22. Therefore, the Jacobian of the map
Πf

(1)
e (·) presents an eigenvalue that crosses the unit circle

towards outside, while the Jacobian ofΠf
(2)
e presents one or

more eigenvalues that go inside the unit circle, having then
all of them inside. Therefore, the 2-ESIS will be stable. The
corresponding values for the jacobians are

Jη=0.2,x∗=[0.8 −0.56]T (Πf
(1)
e ) =

[

0.2291 0.3347
−0.6567 −0.9671

]

Jη=0.22,x∗=[0.84 −0.53]T (Πf
(2)
e ) =

[

0.0149 0.0234
0.2716 0.4265

]

,
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Fig. 6. Bifurcation diagram for double integrator with boundary (11).

both with eigenvalues inside the unit circle. Figure 5 presents
a graphical representation of the stable n-ESIS as functionof
the parameterη in the specified range. It can be appreciated
that a bifurcation appears atη = 0.213..., between the
identified n-ESIS. Before this bifurcation point, within the 1-
ESIS, observe that asη increments, the longer is the sampling
interval. This type of figure will be further explained next.

A. Transition to chaos and the endless resource demand
analysis problem

Parallel to studying transitions from an n-ESIS to an m-
ESIS, it is also of interest to study whether the transition
brings the event-driven control system to chaotic sampling.
The type of boundary, and how its parameters are selected,
may determine transitions to chaotic sequences of sampling
intervals. Achieving this scenario means that predicting com-
putational demands of controllers is no longer possible.

A dynamical system must have the following properties
[11] to be classified as chaotic:

1) it must be sensitive to initial conditions,
2) it must be topologically mixing, and
3) its periodic orbits must be dense.

These conditions may be checked before selecting the bound-
ary or its parameters. For example, for the case of event-
driven control systems where control updates are generated
by (20), that is, for periodic sampling, the first property does
not hold, and therefore we can “obviously” affirm that no
chaotic sampling will appear.

Although the formal analysis is left for future work, the
next example illustrates some interesting concepts in terms
of controller resource demand analysis.

Example 8:Consider again example 3 where control up-
dates were generated by boundary (11). In order to prove
for example that (11) generates chaos it suffices to show
that the projection of the generated event-driven dynamics
onto the sphere, which is a 1-map, will present an 3-ESIS
[12]. Figure 6 shows the last sampling interval sequences
after10000 iterations of the event-driven closed-loop system
as a function ofη (Figure 5 belongs to this figure). By
simple inspection, we can observe that forη = 0.298, a
3-ESIS is found. Figure 6 also shows that for small values

of η the system has an unique stable 1-ESIS, which becomes
longer as the boundary is larger, i.e., asη grows. At point
η = 0.213... (as previously stated in example 7) there is
a doubling sampling interval bifurcation, which makes the
system to jump to a 2-ESIS. In fact the 1-ESIS found before
this jump is still there, but has become unstable. Progressing
with η, there is a second double bifurcation atη = 0.251...
And once again atη = 0.2645, and so on until the sampling
sequence is considered chaotic. The transition to chaos is
not only a crossover barrier. Inside the chaotic area there
are stable n-ESIS. For example atη = 0.298, inside the
chaotic zone, we find an stable 3-ESIS. Observe that there is
also a relative long 4-ESIS (the one identified in example
3) at η = 0.368. It is worth noting that the relation of
the different bifurcations in one dimensional map (as for
example in Figure 6) is related to the Feigenbaum constant.
It permits to predict the point (η = 0.271...) at which the
system dynamics will switch to chaos.

VI. CONCLUSIONS

This paper tackles the problem of identifying which type
of sampling intervals will an event-driven control system
exhibit . This permits to predict controller resource demands
and thus implement efficient control systems in platforms
with severe limited resources. The analysis shows when pe-
riodic sampling interval sequences exists, and also coversthe
problem of transitions to chaos. Future work will develop the
formal analysis for event-driven systems applying symbolic
dynamics from chaos theory.
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