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Abstract—In many application areas, including control systems, careful management of system resources is key to providing the best

application performance. Traditional control systems with multiple control loops statically allocate a fixed portion of the system

resources to each controller based on their average or worst-case resource requirements. However, controllers’ resource needs vary

depending on the jobs they perform and the state of the systems they control. A controller of a plant operating close to its equilibrium

requires fewer resources than a controller of a plant operating far from its equilibrium point. The Draco dynamic rate control system

exploits this fact by dynamically allocating resources to control systems based on system state. Our research demonstrates that Draco

provides significantly better overall control performance with much less resources than static controllers. Our experimental evaluation

shows that in the control scenarios we examined Draco provides up to 25 percent better control performance with 30 percent less

resources.

Index Terms—Resource management, real-time control, control performance.

Ç

1 INTRODUCTION

MODERN embedded systems are expected to provide both
highly varied functionality and outstanding applica-

tion performance within the available resources. As with
most computing domains, fully exploiting system resources
is crucial to maximizing embedded control system perfor-
mance. However, traditional embedded control systems
work open-loop, using a priori characterizations of the
expected workload to determine appropriate static resource
allocations using worst-case assumptions. This is done, for
example, in the canonical work on uniprocessor real-time
scheduling by Liu and Layland [1], and in more recent
approaches to control and uniprocessor real-time systems [2].

Static open-loop resource allocation policies work well,

guaranteeing that control systems can meet given control

performance specifications by reserving a fixed portion of the

system resources for each controller. But because this is done

statically, open-loop systems cannot account for variations in

either resource availability or the resource needs of the

controllers. Dynamic closed-loop resource allocation would

be beneficial in many situations, for example:

. In power-limited systems, controlling the voltage
and clock frequency allows regulation of processor
power consumption and potentially lower energy

consumption. For digital controllers implemented as
periodic tasks, a variation in processor speed must
be accounted for in each control task execution [3].
Therefore, the system must support runtime adapta-
tion in response to time-varying processor speeds.

. In open real-time systems, graceful degradation can
be achieved in overload conditions by modifying
task rates to bring the load to a desired value. For
digital controllers, the variation applied to each
task’s rate of progress determines the specific
controller that has to be executed [4]. Again, tracking
variations on available resources is the key to
providing robust implementations.

. In real-time control systems, an efficient way to

quickly react to perturbations is to dynamically

schedule controllers using flexible control timing

constraints. In this way, scheduling decisions are

taken based on control information rather than fixed

timing constraints such as periods and deadlines [5].

Therefore, tracking the dynamics of the control

applications becomes crucial for an efficient utiliza-
tion of the system resources.

Therefore, modern real-time systems concurrently ex-
ecuting control tasks require dynamic adaptive resource
management techniques capable of accommodating changes
in the available resources and in application demands, that
is, working in closed-loop. Achieving this requires

. monitoring mechanisms at both the system resource

level and the application level aimed at providing

feedback information to the real-time resource

manager,
. effective resource management policies that make

use of this feedback information, and
. digital controllers capable of executing at different

rates.
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Our system, the Draco dynamic rate control system,
addresses all of these needs, providing

1. end-to-end monitoring of application state and
system resource availability,

2. mechanisms allowing communication of this infor-
mation between applications and the underlying
operating system,

3. operating system mechanisms to control and dyna-
mically adjust the resources provided to different
tasks,

4. dynamic controllers capable of executing correctly at
different rates, and

5. effective policies to dynamically adjust application
resources based on knowledge of resource avail-
ability and application state.

1.1 A Motivating Example

A closer look at the behavior of control loops and at the
relation between control performance and controller execu-
tion rate suggests that open-loop resource allocation may
not be optimal for maximizing control performance when
computing resources are limited. A controller whose
controlled system or plant is in equilibrium (a stabilized
plant) may not require the assigned execution rate while
another experiencing a perturbation may stabilize more
quickly and with less error if executed with a higher rate [5].
In a resource-constrained system running both controllers,
redistributing system resources at runtime according to the
state of the controlled plants is the key to maximizing
overall control performance.

Fig. 1 illustrates three possible resource allocation
strategies for this scenario, in which two controllers are
executing concurrently in a resource-constrained system.
Figs. 1a and 1b show two static open-loop resource
allocation strategies, and Fig. 1c shows a simple closed-
loop resource allocation policy. The lower portion of each
subfigure shows the resources allocated to each of the two
controllers, while the upper portion shows the resulting
plant dynamics, i.e., the resulting control performance.
Those transient responses in the figure that have a smaller
maximum deviation form the origin exhibit better perfor-
mance. The results shown are actual results from executions
of the Draco system running real tasks controlling simulated

inverted pendulums, whose model is described in detail in
Section 6.1, subject to perturbations at times indicated in the
subfigures with stars. For simplicity, each task i can execute
one of two controllers, one at a lower rate L and the other
with a higher rate H. The lower rate controller is character-
ized by a long sampling interval and correspondingly lower
resource consumption, while the higher rate controller is
characterized by a short sampling interval and correspond-
ingly higher resource consumption.

Due to resource limitations, suppose that the resources
available at runtime allow only one task to run at a higher
rate and the other at a lower rate.1 Without further
information about, for example, perturbation frequencies,
the best static open-loop resource allocation policy is to
choose the higher rate controller for Task 1 and the lower
rate controller for Task 2 (as shown in Fig. 1a) or vice-versa
(as shown in Fig. 1b). These two choices are equal in terms
of control performance and resource utilization. However, if
we know that during transients an increase in the rate of the
controller can decrease system deviation and hasten system
recovery, better control performance can be achieved by
dynamically reallocating resources at runtime according to
the plant dynamics (as shown in Fig. 1c). Not only does this
reduce system error, but because during some time
intervals neither of the two tasks is running at the higher
rate, this scheme also reduces overall resource usage, which
can, for example, reduce energy consumption in a system
capable of dynamic voltage adjustment.

This simple (and ideal) example raises several additional
questions:

. Provided that resources are available to run multiple
controllers above their minimum effective rate, what
is the best policy for allocating resources among
multiple concurrently executing control tasks? We
are concerned with how good the policy is in terms
of both improving control performance and saving
resources. At the same time, its implementation
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Fig. 1. (a) and (b) Controllers without Draco dynamic rate control. (c) Controllers with Draco.

1. This admittedly simple example is nonetheless realistic because digital
controllers often run better—but consume more resources—with shorter
sampling intervals. A simple way to leverage this is via two alternative
intervals: one that uses few resources while awaiting perturbations and
another that responds effectively when perturbations occur. We explore less
trivial scenarios later in this paper.
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must be simple in order to avoid introducing
unacceptable overhead.

. Are existing proportional fair share algorithms [6] or
water-level fair share algorithms [7] sufficient or do
we need algorithms specific to this problem?2

. Should different resource allocation policies be
applied depending on the frequency of the perturba-
tions affecting the controlled plants? (Note that in
our simple example, perturbations do not overlap.)

1.2 Contributions and Summary

The contributions of this paper are the answers to all of the
questions raised above. Specifically, we have developed
Draco, a dynamic resource allocation system for control
tasks based on feedback information from the controlled
plants. Draco demonstrates the feasibility of runtime
dynamic resource allocation based on feedback about
control task performance and provides efficient and effective
algorithms for doing so. Our results demonstrate that Draco
outperforms existing static and dynamic solutions.

In addressing the questions, we first define the resource
allocation problem as an optimization problem maximizing
control performance whose solution determines the best
rates for control tasks according to the plant dynamics. The
optimization problem has to be repeatedly solved at
runtime. To do so with minimal computational overhead,
Draco employs an efficient nearly optimal algorithm for the
runtime redistribution of computational resources. Near-
optimality comes from the fact that our algorithm computes
the exact solution of the optimization problem which
approximates the relation between tasks rates and control
performance in order to yield a low-overhead feasible
solution. Despite this approximation, our results show that
our near-optimal policy outperforms previous policies for
allocating resources to control tasks.

We overcame two key technical challenges in imple-
menting the optimal policy and two alternative feedback-
based resource allocation policies. First, we developed and
implemented controllers capable of running with different
sampling frequencies given different resource allocations.
Second, we developed and implemented a flexible real-time
platform capable of dynamically changing the allocated
resources according to the application feedback while
guaranteeing tasks’ timing constraints [8]. Together, these
two solutions provide the infrastructure needed to develop
dynamic resource management for control tasks.

After implementing and integrating these components,
we performed extensive experiments including a compara-
tive analysis with the static resource management approach
traditionally used in real-time control systems. The experi-
ments we present 1) corroborate that the dynamics of the
controlled plants are the key to better exploiting system
resources and improving control systems performance,
2) confirm our theoretical approach, and 3) show that our
state feedback policies improve control performance and/
or save system resources while introducing negligible
overhead. In the best case, our experimental evaluation

shows that Draco improves control performance by
25 percent using 30 percent less resources.

The rest of this paper is organized as follows: Section 2
discusses related research. In Section 3, we specify the
system model and define the problem to be solved. Section 4
provides the theoretical solution to the resource manage-
ment for control tasks. In Section 5, we discuss our
implementation, and in Section 6, we present the experi-
mental results. Section 7 presents simulation results that
indicate that our approach outperforms previous work.
Section 8 concludes this paper.

2 RELATED WORK

Optimization of control systems performance subject to
resource constraints has been examined before for various
resources including CPU, network, and batteries. Seto et al. [2]
optimized for uniprocessor systems task frequencies at the
design stage in order to minimize a control performance index
defined over the task set. Similarly, Hong presented a
scheduling algorithm to determine data sampling times,
so that the control performance requirements are satisfied
while increasing network utilization [9]. Rehbinder and
Sanfridson [10] presented an offline scheduling method for
uniprocessor systems based on optimal control theory.
Branicky et al. presented a static scheduling optimization
approach based on scheduling and control co-design in
networked control systems [11]. Ling and Lemmon presented
a method for obtaining specifications on real-time schedulers
for networked control systems that assure overall feedback
system performance [12]. None of them examined dynamic
runtime resource management for optimization of control
systems performance, as we do.

Different approaches to control systems and runtime
resource allocation policies have also been examined before.
Beccari et al. [13] presented a scheduling technique for
adaptation of soft real-time load in the context of autono-
mous robot control architectures. Ramanathan [14] pre-
sented an overload management for control tasks based on
the ðm; kÞ-firm guarantee. Caccamo et al. [15] allowed
varying tasks’ computation times at runtime to optimize
control performance using server approaches. Eker et al. [16]
presented a method for distributing computing resources
over a set of real-time control loops using feedback
information on the workload changes. Cervin et al. [17]
extended that solution by adding a feed-forward path based
on tasks execution times measurements. Similarly, the
scheduling method presented by Park et al. [18] allows for
sampling period adjustment to allocate network bandwidth
to other type of messages. Buttazzo et al. [4] presented a
method for promptly react to overload conditions, while still
guaranteeing a given control performance. Liu et al. [19]
presented a method where control task periods are adjusted
using a Markov chain formalism in order to achieve a
quality-of-service (QoS) constraint expressed in terms of job
dropouts. However, none of the previous work uses feed-
back from the controlled systems dynamics in order to
reallocate resources as we do.

Our approach has some similarities to the various feed-
back scheduling architectures presented by Zhao and
Zheng [20], Walsh and Ye [21], Henriksson et al. [22],
Lee and Kim [3], Henriksson and Cervin [23] (which was
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2. Conventional proportional fair share (also known as weighted fair
share) algorithms allocate resources to applications in proportion to their
relative weights or importance. The water-level fair share (aka max-min fair
share) algorithm allocates resources to tasks in order of increasing demand.
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further extended by Castañé et al. [24]), and Ben Gaid et al.
[25]. Zhao and Zheng [20] discussed an event feedback
scheduling strategy in which controllers are executed
according to the dynamics of the controlled systems. They
aimed to meet asymptotic and exponential stability criteria
while our goal is to optimize aggregate control performance.
Walsh and Ye [21] presented a dynamic arbitration technique
to grant network access to the control loop with highest error.
Our approach is similar, but focuses directly on resource
allocation rather than on priority assignment. Henriksson et
al. [22] presented a scheduler that allocates CPU time to
model predictive controllers (MPC) in order to improve
control performance by dynamically varying controllers
execution times. Our approach is not restricted to MPC and
the control optimization is achieved by dynamically adjust-
ing the sampling interval of each controller. Lee and Kim [3]
presented a dynamic solution for establishing the optimal
processor speed for a set of control tasks based on the state of
the controlled plants, an ad hoc solution that lacks theoretical
foundation. Henriksson and Cervin [23] (which was further
extended by Castañé et al. [24]) presented an algorithm to
optimally assign sampling periods to control tasks. However,
in the general case, their approach does not have an analytical
solution and so a suboptimal solution has to be applied. None
of the these considers a static base allocation of resources to
control tasks—guaranteeing a minimum level of responsive-
ness to perturbations—enhanced with the resource redis-
tribution, as we do; they consider redistributing all of the
resources at each resource allocation. Ben Gaid et al. [25]
present a dual method in which resources are statically
allocated to control tasks producing optimal offline cyclic
sequences of jobs and then, at runtime, specific precomputed
sequences are applied subject to the restriction that the
current sequence has to complete before applying the next
one. This, for a large number of applications, may result in
less reactive systems. Removing this restriction would
increase the computational overhead. Therefore, this paper
does not analyze the feasibility of the online approach in a
complex scenario as we do.

Unlike many previous approaches, the feasibility of our
solution and its benefits have been verified through its
implementation in a real operating system and under
complex scenarios. This work consolidates our preliminary
research on state feedback resource allocation for real-time
control systems [26].

3 PROBLEM FORMULATION

In this section, we describe the system architecture and
formalize the resource allocation problem to be solved.

3.1 System Architecture

Traditional real-time CPU schedulers serve two roles in
CPU resource management: resource allocation and dispatch-
ing. Resource allocation determines how much of the
resource to give each task, while dispatching determines
when to give the allocated resources to each task. Dynami-
cally and independently managing resource allocation and
dispatching (RAD—resource allocation/dispatching [8])
allows precise allocation of resources to the possibly
dynamically changing needs of individual tasks.

Draco employs the RAD model for its underlying
resource management and is built on top of the Rate-Based
Earliest Deadline (RBED) scheduler [8]. It allocates a
baseline amount of resources to each control task and then
dynamically reallocates slack, or excess resources. We are
not concerned here with differentiating between static

slack—unreserved resources—and dynamic slack—reserved
but unused resources. Nor are we concerned with how to
compute it or on when to allocate it. See [27] and the
references therein for work on slack management addres-
sing these and related questions.

Fig. 2a illustrates the feedback-based RAD resource
management in the Draco system. Resource allocation
allows us to tailor the resource demands (black/gray boxes)
for each task at runtime based on feedback from the
controlled plants, while dispatching addresses when the
assigned resources (white boxes) can be used for each task
in order to meet the required sampling intervals for each
running control task.

Our approach to slack management focuses on the
allocation resources to control tasks. As illustrated in
Fig. 2b, we assume that each control task has a minimum
resource share assigned, which is represented as a black
box. In addition, each task can be assigned a portion of
available slack, which is represented as a gray box. The
dispatching can be performed by any existing policy,
represented by white boxes (see Buttazzo [28] for an
extensive survey of dispatching policies). Fig. 2b also shows
the key components of the slack management framework.
Information about each plant’s dynamics (Application

performance feedback) is fed back to the resource allocator in
order to provide the information required to make an
appropriate slack redistribution decision. Finally, the
current resource utilization (or alternatively, the current
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Fig. 2. RAD model. (a) Without slack management. (b) With slack

management.
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static and dynamic slack in the system) is fed back to the
resource manager.

The basic operation of the feedback architecture can be
summarized as follows: at each control loop operation
(which occurs once per period), the controlled system is
sampled and this information is used by the control
algorithm to compute and output the control signal. Each
control signal affects the controlled system dynamics in
such a way that the system is driven toward its specified set
point (also called its equilibrium point). Each sample will
show whether the controlled system is affected by a
perturbation or not. This information is fed back to the
operating system in order to allow the system to reallocate
the available slack accordingly.

3.2 Problem to be Solved

The system we consider is a real-time system executing n
control tasks, each one controlling a plant in a closed loop
and competing for the computing resources (i.e., sharing a
single CPU). The real-time system may also execute other
hard, soft, and non-real-time tasks (as supported by RBED).
Control tasks are implemented such that each execution
sequentially performs sampling, control algorithm compu-
tation, and actuation. We assume a discrete time model [29].
An external observer counts the ticks of the globally
synchronized clock (which is based on the metrics of the
physical second, as a time unit) with granularity of length g
and assigns natural numbers from 0 to 1 to all task timing
constraints defined as multiples of g.

Each controlled plant i can be described by the linear
time-invariant system equations of a continuous-time
system in state space form [30]:

_xiðtÞ ¼ AixiðtÞ þBiuiðtÞ; ð1Þ

yiðtÞ ¼ CixiðtÞ; ð2Þ

where xiðtÞ and yiðtÞ are the state vector and the output of
the system at time t, uiðtÞ is the control signal applied to the
system at time t, and matrices Ai, Bi, and Ci are the system,
input, and output matrices of appropriate dimension. The
state (1) and output (2) equations defining a given system
can be considered an abstract summary of the data obtained
by subjecting the system to different inputs (control signals)
and observing the corresponding outputs. The objective of
the control is to keep the output yðtÞ as close to zero as
possible, despite the presence of perturbations.

Each control task is characterized by its period hi and its

exact (and constant) execution time ci. The period corre-

sponds to the sampling interval. The execution time

includes the time required to sample the state, compute

the control algorithm, and output the actuation command.

Relative deadlines are assumed to be equal to the periods.

The assumption that we know the exact execution time for

control tasks is valid as control task execution times can be

completely assessed. Control tasks implementing classically

designed controllers execute a sequential code, with no

conditional or loop sequences. For example, the code of a

proportional-integral-derivative (PID) controller or the code

of a state feedback controller is completely sequential (see

code examples in [31]). In this case, an exact execution time

rather than a worst case can be calculated. Therefore, for

control tasks, we can assume that the actual execution time

is constant. Cache memories and pipelined processors are

common features in modern computer architectures that

can introduce significant variability into task execution

time. Embedded real-time systems usually do not have such

features so that task execution times in embedded systems

would not exhibit large variations. In the unlikely case

where control tasks execution time variations would occur,

the presented approach would still hold if instead of rates

the analysis were done with frequencies.
The partial utilization factor of each task, also called rate,

ri (3), is the CPU share (resource requirement) that each
control task requires for a given period. Since the worst-case
execution time of each control task is constant, any variation
in task rate implies a corresponding variation in task period
(and vice-versa):

ri ¼
ci
hi
: ð3Þ

We assume that a minimum rate (4) is guaranteed to
each control task, which is given by the longest task period
and causes the slowest execution:

ri;min ¼
ci

hi;max
: ð4Þ

If slack is available, the problem to be solved is to decide
for each control task how the rate should be increased:

ri ¼ ri;min þ�ri ð5Þ

(i.e., how the period should be shortened) such that overall
control performance is improved, considering the dynamics
of the controlled plants. Since resources are limited, not all
task rates can be increased and not all rate increases provide
the same benefit. Therefore, solving the problem involves
trade-offs and compromises.

3.3 Formulation of the Optimization Problem

Solving the problem requires establishing relations between
control performance and task rates in order to allow direct
comparison of control loops under different rate assign-
ments. For a given plant (1) and (2), and for a given
sampling period h, it is straightforward to obtain the
relation between control performance and sampling period.
The discrete-time representation of systems (1) and (2),
obtained with a sampling period h, is3

xðkhþ hÞ ¼ �ðhÞxðkhÞ þ �ðhÞuðkhÞ; ð6Þ

where

�ðhÞ ¼ eAh and �ðhÞ ¼
Zh
0

eAsdsB: ð7Þ

If the control signal uðkhÞ is given by a state feedback
control law LðhÞ designed using standard methods

uðkhÞ ¼ �LðhÞxðkhÞ; ð8Þ
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then the closed-loop plant dynamics will have the form

xðkhþ hÞ ¼ �ðhÞ � �ðhÞLðhÞð ÞxðkhÞ ¼ �clðhÞxðkhÞ; ð9Þ

where �clðhÞ is the closed-loop matrix.
Equation (9) indicates that the dynamics of each closed-

loop system changes depending on the sampling period h
and therefore on the assigned rate r. That is, for each ith
control loop, we can define a performance function
giðri; xiðtÞÞ that establishes the relation between control
performance and rate.

To evaluate control performance, many of the existing
approaches to control systems and online resource allocation
policies, for example those of Eker et al. [16], Cervin et al. [17],
Henriksson and Cervin [23], Castañé et al. [24], and
Ben Gaid et al. [25], use quadratic cost functions on the
states and control signals, JðhÞ, such as

JðhÞ ¼E

 XN�1

k¼0

xT ðkhÞ uT ðkhÞ
� �

Q
xðkhÞ
uðkhÞ

� �

þ xT ðNhÞQ0cxðNhÞ
!
;

ð10Þ

where Q and Q0c are weighing matrices (see [30] for further
details). These works show that these cost functions, which
are primarily used to design optimal controllers minimizing
J , can be also used to address the resource allocation
problem. In particular, their formulation is a schedulability
problem in which sampling periods were selected to solve
the optimization problem:

Minimize : Penalty on control performance

with respect to : Sampling periods

subject to : Task set schedulability

ðand Closed loop stabilityÞ:

ð11Þ

However, their common conclusion is that in the general
case, the computational overhead of solving problems
formulated in terms of cost functions like (10) cannot be
handled by an online resource manager because no general
analytical solutions can be found. To overcome this
limitation, a different approach is required.

Alternatively, in traditional real-time (QoS) scheduling
approaches, the goal is to allocate resources to tasks at
runtime in order to maximize application benefit, for example
those of Lee et al. [32], Burns et al. [33], Aydin et al. [34],
Brandt and Nutt [35], Hegazy and Ravindran [36], and
Chen et al. [37]. Some of these approaches define value or
performance functions that approximate application benefit
with respect to task rates and then formulate the schedul-
ability or allocation problem as the optimization problem:

Maximize : Overall application benefit

with respect to : Task rates

subject to : Task set schedulability

ðand Quality-of-service constraintsÞ:
ð12Þ

A primary limitation of these approaches is that the
optimized performance functions are approximates of the

application utility. In addition, their applicability to control
systems has not been explored.

Borrowing the formulation given by traditional QoS
approaches, we define the slack redistribution problem for
control tasks in the form of (12). The main goal in using this
formulation is to obtain a specification of the optimization
problem 1) allowing analytical and general closed form
solutions with negligible computational overhead and
2) showing that its applicability to control systems is not
compromised by using approximate performance functions.

If each controller is independent—controlling an inde-
pendent plant (as we assumed in the system model in
Section 3.2)—the objective function can be considered as the
sum of all individual benefits obtained by each controller,
i.e., giðri; xiðtÞÞ, possibly weighted by wi to provide a
mechanism allowing appropriate comparisons among the
control loops in the system. Then, the slack allocation
problem can be formulated as the following optimization
problem:

Maximize
Xn
i¼1

wigi ri; xiðtÞð Þ; ð13Þ

subject to
Xn
i¼1

�ri � UsðtÞ

�ri � 0;

ð14Þ

where the solution is a vector �~r ¼ ½�r1;�r2; . . . ;�rn� that
maximizes the control performance delivered by the set of
controllers running with rates specified by (5), restricted to
the utilization feasibility constraint (14). UsðtÞ is the feasible
resource utilization due to the available (dynamic and
static) slack. Note that 8t UsðtÞ � Umin, where Umin ¼Pn

i¼1 ri;min is the minimum utilization guaranteed for all
control tasks when executing with their longest period.

Note that the formulation of the optimization problem in
the form of (12) does not ensure system stability as it does in
(11). Consequently, closed-loop system stability should be
checked in a separate stage.

4 RESOURCE MANAGEMENT

The set of objective functions gi should 1) establish a
relation between control performance and task rates and
2) enable determination of optimal task rates based on the
feedback information received from the plants, as indicated
by the motivating example. Depending on the objective
function and the time-varying restrictions, solving the
optimization problem may not be feasible for an online
real-time resource manager.

4.1 Customization of the Optimization Problem

Let

gi ri; xiðtÞð Þ ¼ eipðriÞ ð15Þ

be the structure of the performance functions relating
control performance and task rates that we consider, where
ei is defined as

ei ¼ xiðtÞj j; ð16Þ
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where j � j is a suitable norm. Therefore, the benefit that can
be achieved for a given rate is linearly rescaled by the
controlled plant error, ei, and the benefit function piðriÞ can
be any function on the task rate.

Observation 1. Without loss of generality, if we consider the
equilibrium point of a controlled system to be zero, the norm of
the state vector, jxiðtÞj, is the distance of each controlled
system from its equilibrium point at any given time t > 0. If,
for a given control loop, all states cannot be measured, they can
be determined from the available measurements and a model
[30]. This measure tells how critical the situation is for each
controlled system; the higher its value, the worse the system.
This measure is the feedback information that each controller,
at each sample, will send to the operating system for the
resource redistribution.

Although control performance functions (15) have been
defined without any control formalism, they can be directly
mapped to functions like (10) (see Appendix A for further
details). Moreover, their open structure gives a general
framework which allows evaluation of other aspects, for
example penalties on the use of resources.

Each benefit function gi is based on an instantaneous
measure of the plant dynamics, ei, rather than a prediction.
This simplifies complexity and its evaluation cost can be
negligible. In addition, its application converts the time-
varying restriction into a time invariant one because the
only required information is the current available slack. See
Castañé et al. [24] for a detailed discussion of the pros and
cons of both types of objective functions.

Any type of function piðriÞ 2 C1 can be expressed by its
infinite Taylor series around the working point ri;min:

piðriÞ ¼ piðri;minÞ þ
p0iðri;minÞ

1!
ðri � ri;minÞ

þ p00i ðri;minÞ
2!

ðri � ri;minÞ2 þ . . . :

ð17Þ

Considering (5), (17) is given by

piðriÞ ¼ piðri;minÞ þ
p0iðri;minÞ

1!
ð�riÞ þ

p00i ðri;minÞ
2!

ð�riÞ2 þ . . . :

ð18Þ

Therefore, from (18), a simple linear function (19) on the
task rate increments can be used to approximate the relation
between different rates and control performance in the
objective function gi:

piðriÞ � �i�ri þ �i; ð19Þ

where parameters �i and �i are specific for each control
loop and performance function but known prior runtime.

The linear approximation (19) is a simplification that
enables closed analytical solutions to the optimization
problems. This in turn allows Draco to meet the bounded
computational overhead requirement on policies imple-
mented by an online real-time resource manager. The
relation (19) covers a wide class of control systems,
including the behavior of linear and nonlinear systems
around the working point, and therefore, for a given range
of sampling periods. Since the formulation of the optimiza-
tion problem makes use of an approximation, the optimal

solution to the formulated problem is potentially subopti-
mal for some systems. Nevertheless, our results show that
the performance achieved is better than other approaches
for the scenarios we examined.

4.2 Optimal State Feedback-Based Slack
Redistribution Policy

Formally, at the system level, each control task �i can be
characterized by its rate ri (which is a system characteriza-
tion), its benefit function pi (which relates system resources
and control performance), and its controlled system error ei
(which is a control characterization), as represented by

�i ¼ fri; pi; eig: ð20Þ

By appropriately rewriting the optimization specified in
(13) and (14) considering (15), for a given set of n control
tasks, �1; . . . ; �n, the problem to be solved is

maximize
Xn
i¼1

wieipiðriÞ; ð21Þ

subject to
Xn
i¼1

�ri � Us

�ri � Us;
ð22Þ

where the solution will be the rate increments �ri,
i ¼ 1; . . . ; n, such that all the tasks are schedulable and the
overall control system performance is maximized. The
solution to the optimization problem (21) and (22) depends
on each benefit function piðriÞ.

Taking into account the approximation for piðriÞ given in
(19), the optimization problem (21) and (22) is linear and
convex. Therefore, it can be solved by any available
optimization technique such as the interior point methods
or the classical Karush-Kuhn-Tucker conditions [38]. The
solution is given next:

Theorem 1. The optimal solution �~r ¼ ½�r1;�r2; . . . ;�rn� of
the optimization problem (21) and (22), where piðriÞ are given
b y ( 1 9 ) , i s �~r ¼ ½0; 0; . . . ; 0;�ri ¼ Us; 0; . . . ; 0�, i 2
½1; . . . ; n� such that wiei�i is maximum 8i 2 ½1; . . . ; n�, if
the set of control tasks is described by (20).

Proof. The proof is provided in our previous work [26]. tu
Observation 2. In terms of slack redistribution, the theorem

states that we should assign all available slack (that is, Us) to
the control task with maximum wiei�i. In the specific case
where all functions pi and all weights wi are the same (i.e., the
controlled plants are equal and of equal importance), we should
assign all of the available slack to the control task with the
largest error ei.

Observation 3. The optimal solution holds if the approximation
given by (19) is valid around the working point. Whenever the
approximation is not good enough, a higher order approxima-
tion should be considered.

Observation 4. If the pi approximations are polynomial
functions on ri of degree higher than one but still less than
five [39], an analytical solution to the optimization problem
(21) and (22) can still be found turning the solution into a
feasible algorithm (in terms of computational complexity) for a

96 IEEE TRANSACTIONS ON COMPUTERS, VOL. 58, NO. 1, JANUARY 2009

Authorized licensed use limited to: IEEE Xplore Customer. Downloaded on December 5, 2008 at 05:50 from IEEE Xplore.  Restrictions apply.



runtime resource manager. In this case, the theorem should be
restated taking into account the new pi form.

Observation 5. It is possible to generalize (16) so that ei ¼ �jxij,
where � : IR! IR is a class K function of the normed state.
However, the optimal policy (as identified in Theorem 1) will
no longer have an all-or-nothing quality.

The optimal policy determines control task rates to
maximize aggregated control performance. However, sta-
bility analysis is not addressed. Therefore, our approach
requires an additional step to check system stability.

4.3 Controller Design and Stability

The application of the optimal policy requires the imple-
mentation of controllers capable of running with different
sampling frequencies given different resource allocations
(as explained by Marti et al. [31], [5]). In particular, all of the
controllers will run at hi;max (given by the guaranteed
minimum rate, ri;min), and they will also run at hi;min (given
by ri;min þ�ri) if mandated by the optimal policy, where

hi;min ¼
ci

ri;min þ�ri
; ð23Þ

with �ri ¼ Us, which is a constant value in the optimization
problem. But, because the available slack Us may vary at
each optimization problem resolution, hi;min will vary over
time. As a result, the sampling intervals that can apply for a
given controller under this approach belong to a range of
discrete values:

hi 2 h�i;min; . . . ; hi;max

h i
; ð24Þ

where the highest value hi;max is given by the minimum
guaranteed rate, the lowest value h�i;min corresponds to the
minimum sampling period due to the highest slack
availability, which is a bounded value that can be obtained
before runtime. The intermediate values are given by the
clock granularity length, g.

Therefore, each controller implemented within a task
will execute with a runtime period that belongs to the
specified range. We design stable controllers for the class of
linear systems (that can be specified by (1) and (2)) using
classic design procedures, either in the continuous-time
domain followed by discretization, or directly in the
discrete-time domain [30]. At runtime, controller gains are
switched according to the current period that applies
(following the techniques presented by Wittenmark and
�Aström [40] and Albertos and Salt [41]).

In the end, each control signal (8) is given by a control
law that is an algorithm on the sampling period, LiðhiÞ.
Looking at the closed-loop dynamics of each control loop
(9), having different hi means to have a system evolution
determined by different �i;clðhiÞ. However, since we have a
discrete range of sampling intervals, we will have a set �i

with a finite number of closed-loop matrices:

�i ¼ �i;clðhiÞjhi 2 h�i;min; . . . ; hi;max

h in o
: ð25Þ

Therefore, each closed-loop system evolution will be
characterized by an infinite product of closed-loop matrices

taken from �i. In switched systems notation (e.g., that of
Liberzon [44]), each closed-loop evolution will be given by

xiðkþ 1Þ ¼ �i;clðhiÞxiðkÞ; �i;cl 2 �i; ð26Þ

where �i;clðhiÞ are stable matrices.
Stability for such systems can be studied using multiple

existing stability results [42], [43], [44], [45]. For example,
Corollary 2 by Dogruel and Özgüner [42] gives the
necessary and sufficient stability condition (27) for such
systems in terms of linear matrix inequalities (LMIs):

�i asymptotically stable $ 9P > 0 :

�T
i;clðhiÞ � P � �i;clðhiÞ � P < 0; 8�i;clðhiÞ 2 �r

i ; r � 1:
ð27Þ

The baseline idea of the stability analysis is to calculate all
closed-loop matrices that can apply at runtime for all
periods. This set of matrices is said to be stable if it fulfills a
necessary and sufficient stability test (27).

In Appendix B, a numerical example of stability analysis
based on common Lyapunov functions [44] is given.

5 IMPLEMENTATION

At the operating system level, dynamic slack redistribution
for controllers can be achieved by any existing scheduling
framework or scheduling algorithm which supports dy-
namic task period adjustment at runtime and guarantees no
deadline miss during the adjustment. Examples include the
RBED scheduler [8], the Elastic Model [46], and the Variable
Rate Execution (VRE) model [47], all of which provide hard
resource guarantees, isolation between processes, and
correct operation during changes in resource allocations
(unlike other operating systems such as RTLinux [48],
which are based on the traditional static real-time task
model with fixed worst-case execution times).

As a prototype and performance demonstration, our
feedback architecture is implemented in the RBED-
integrated real-time system [8], which supports hard real-
time, soft real-time, and best-effort processes. RBED
dynamically allocates resources to processes as a percentage
of the CPU such that the total allocated is less than or equal
to 100 percent and then schedules all processes with the
Earliest Deadline First (EDF) algorithm [1]. RBED dynami-
cally changes allocated resources and application periods
without violating EDF constraints, guaranteeing that tasks
never miss their assigned deadlines. Changes to tasks’
periods and resource allocations may be arbitrarily adjusted
at task deadlines (i.e., between sampling intervals) while
maintaining all real-time guarantees [8].

We implemented the optimal feedback slack redistribu-
tion policy (optimal, described in Section 4.2) for control
tasks in RBED. In order to better demonstrate its benefits,
we also implemented two adaptive feedback-based slack
management techniques, called proportional and discrete.
Finally, to provide a direct comparison with traditional
control system implementations, we also implemented a
baseline policy, static.

5.1 Optimal

The optimal policy implements the optimal solution
described in Section 4: it assigns all available slack to the
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controller with the highest wiei�i, where Us is the available
utilization due to slack at the time the optimization takes
place:

�ri ¼
Us; if wiei�i is maximum;
0; otherwise:

�
ð28Þ

Recall that task rates will be updated according to
ri ¼ ri;min þ�ri.

The optimal policy needs only to keep track of which
task has maximum wiei�i. This can be determined in OðnÞ
time by a linear scan of the list of n tasks. Reallocation of
slack occurs when the task with the maximum wiei�i
changes or when the amount of available slack changes (for
instance because a control task has been started or stopped).

5.2 Proportional

The proportional policy represents a “fair” allocation based
on measured error and reflects our initial guess at an
optimal allocation prior to formally deriving that algorithm.
It distributes slack among all control loops such that all
tasks get a slack increment proportional to wieipi (similar to
fair share approaches):

�ri ¼
wiei�iP

j�n
wjej�j

� Us: ð29Þ

As before, �ri will be added to ri;min for each control task.
The proportional policy has the same time complexity

ðOðnÞÞ for the slack redistribution as the optimal policy.
However, any change to the error of a controlled plant will
cause a dynamic slack redistribution so the actual number
of dynamic resource reallocations, and thus the introduced
overhead of the proportional policy, is greater than that of
the optimal policy.

5.3 Discrete

The discrete policy is similar to the proportional but for a
limited number of discrete task rates. It predefines for each
task a set of rate increments which are mapped into
benefits, for example, using (19). At runtime, these benefits
are rescaled by the norm of the plant state, for example,
using (15). With these new benefits, a heuristic algorithm
[35], [49] is employed to iteratively increase the rate level of
the control tasks until no more increases are possible within
the available slack, providing high average overall system
benefit. Note that an optimal discrete allocation is NP-hard

in general, based upon a straightforward reduction to the
knapsack problem [50].

The worst-case time complexity of the discrete policy is
OðLnÞ, where L is maximum slack increments in the system
(which is equal to the maximum number of sampling
periods for all control tasks), because the worst case for a
dynamic slack redistribution may go through all of the slack
increments of every control task. In order to simplify the
operation and reduce the overhead, we map the benefit of
each resource level with a range of possible error values [49].
In this way, slack redistribution takes place only when the
error moves from one range to another. This significantly
reduces the overhead (see overhead analysis in Section 6).

5.4 Static

The static policy implements the “traditional” approach. It
statically allocates the available resources to the controllers
only based on static information, which includes wi and
piðriÞ. The resource allocation algorithm is as follows:

ri ¼
wipiðriÞP

j�n
wjpjðrjÞ

� Ud: ð30Þ

Among the four policies that we implemented, the static
policy is the only one that does not use dynamic error ei to
redistribute slack. Therefore, (30) is computed prior to
system runtime, where Ud is the overall available resource
utilization (see further details in Section 6.2), resulting in
zero runtime reallocation overhead.

5.5 System Interface Implementation Details

Fig. 3 shows the pseudocode for a controller and the dynamic
rate adjustment. A controller requests a dynamic rate
adjustment through the system call rate_adjust(). The
controller (Fig. 3a), with execution period hi, does two things
each period. First, it samples the system, calculates the
control signal ui (based on hi), and sends it to the controlled
system (as any traditional controller would do when keeping
constant hi). Then, it triggers the rate adjustment: it computes
the next controlled system state vector (update_state), whose
norm ei is passed in by the system call, rate_adjust(), in order
to obtain the (possibly new) rate increment that will be used
at the following controller execution.

The dynamic rate adjustment (Fig. 3b) uses the specified
slack redistribution policy (discrete, proportional, or opti-
mal) to reallocate slack based on wiei�i. The static policy is
not considered because the complete resource allocation is
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performed offline. Therefore, the parameter policy deter-
mines to execute (28) for the optimal, (29) for the
proportional, or the approach described by Lin et al. [49]
for the discrete policy.

The rate adjustment requires ei from all tasks. Since tasks
run at different rates, synchronization is an issue. Two
approaches can be considered. First, a pseudosynchronized
approach, in which the reallocation is performed consider-
ing the new ei passed in by the task that triggered the rate
adjustment, plus all remaining ej (with j 6¼ i) that were
updated in previous rate_adjust() calls. Second, a fully
synchronized approach, in which we assume that the
system level procedure that reallocates resources can access
all tasks ei. The first approach is simple but the rate
adjustment is performed using nonfresh data. The second
approach uses fresh data, which will translate into a more
accurate resource allocation. This can be achieved by
accessing the data buffered in the data acquisition board
(DAB). Usually, DABs are constantly (and very frequently)
sampling all plants, independent of the rate of the control
tasks. Therefore, DABs always maintain fresh data. In our
experiments, we adopted the second approach.

Although not shown, it is important to point out that in
Fig. 3 the procedure rate_adjust() adjusts the rate of all
controllers, not just controller i.

6 PERFORMANCE EVALUATION

In order to evaluate the performance results, we implemen-
ted our four slack redistribution policies (static, discrete,
proportional, and optimal) for control tasks in RBED in the
Linux 2.4.20 kernel (for the sake of simplicity and easy
prototyping). We have run the system over long periods of
time and performed a large number of experiments.
Although we present a few specific cases, our experiments
are general and our results are not limited to these or any
other special cases. All experiments were performed on a
standard Intel-based PC equipped with a 1-GHz Pentium III
processor, 512-Mbyte RAM, and a 40-Gbyte hard drive.

6.1 Controlled Processes

We simulated two kinds of controlled plants: an inverted
pendulum and a ball and beam, both standard benchmarks
in the area of control systems. Their relevance is due to fact
that they are unstable plants, and feedback control is essential
to make them operate safely. Many modern industrial
processes and technological systems are intrinsically un-
stable (e.g., exothermic chemical reactions or control of a
rocket or aircraft during vertical takeoff). Since real unstable
systems are usually dangerous and cannot be brought into
the laboratory, these two systems were developed to resolve
this paradox. They are simple, safe and yet they have the
important dynamic features of unstable systems.

The linear time-invariant state space model we used for
each inverted pendulum mounted on a cart is given by

_�
_!
_x
_v

2
664

3
775 ¼

0 1 0 0
ðMþmÞ�g

M�l 0 0 0
0 0 0 1
�m�g
M 0 0 0
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664

3
775

�
!
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v

2
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3
775þ

0
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M�l
0
1
M

2
664

3
775uðtÞ;

where � is the pendulum angle, ! is the angular velocity, x
is the cart position, and v its velocity. We customized all
pendulums as follows: mass of the cart M ¼ 2 kg, mass of
the pendulum m ¼ 0:1 kg, length of the pendulum stick
l ¼ 0:5 m, and gravity g ¼ 9:81 m=s2.

The linear time-invariant state space model for each ball
and beam is given by

_�
_x

� �
¼ 0 1

0 0

� �
�
x

� �
þ 0

1

� �
uðtÞ;

where � is the beam angle, and x is the ball position on
the beam.

For both plants, we assume ideal operating conditions,
and therefore, the models used for controller design are
assumed to be free of errors. This assumption allows us to
focus our performance analysis on the evaluation of the
resource allocation policies, avoiding the interference on
performance that modeling errors would have introduced
into the analysis.

6.2 Workload Generation

In the following experiments, we used two workloads: three
controllers, each controlling a simulated inverted pendulum,
and three controllers, each controlling a simulated ball and
beam. We use uniform workloads in the experiments to
simplify the performance analysis and comparison. In this
case, wi and pi are equal for all controllers, which means that
the error ei is the main driving factor in each policy.
Although the numbers would differ, the results would be
essentially the same, just harder to interpret, with nonuni-
form wi and pi. For the same reasons, we assumed a constant
slack availability ðUsÞ. This allows a fair evaluation of the
static (traditional) policy with respect to the dynamic slack
policies.

In both workloads, each controller implements the same
parametric control law obtained by standard pole place-
ment, which is parameterized on the sampling interval.

For each of the policies, we ran the three controllers (in
each set) for 1 hour and randomly generated perturbations
for each controller with different average perturbation
intervals. The available slack is defined such that the global
resource utilization factor ðUdÞ for the three controllers is
Ud ¼ 97 percent; we reserve 3 percent of the resource
capacity for the execution of other general-purpose pro-
cesses. Recall that Us ¼ Ud � Umin (Section 3.2), where Umin
is the minimum utilization factor guaranteed to all control
tasks. The distance between two consecutive perturbations
on the same system varies in such a way that a system may
be continuously perturbed or almost never perturbed,
capturing any scenario. That is, with different perturbation
intervals, a system may be perturbed fewer than 100 times
or many thousands of times over the course of 1-hour-long
experiment.

In the first workload, each controller in charge of a
simulated inverted pendulum has a fixed worst-case
execution time ci of 0.0135 second. With either the optimal
or proportional policy, each controller can run at any
sampling period ðhiÞ within 0.03 and 0.05 second. With the
discrete policy, we defined three resource levels correspond-
ing to three different sampling periods hi 2 f0:03 second;
0:04 second; 0:05 secondg for each controller. In this case, if
there are three control tasks in the system, none of them will
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execute at their highest level ðhi ¼ 0:03 secondÞ since
ð0:0135=0:03þ 2 � 0:0135=0:05Þ¼0:99 > 97 percent¼Ud (that
is, the required CPU load would exceed what is available).
For the static policy, the three controllers share the available
CPU ðUd ¼ 97 percentÞ equally, and thus, each of them is
given 97

3 percent of the CPU for the duration of the
experiments.4 In the second workload, all controllers (each
in charge of a simulated ball & beam) are slower than those
in the first set: the worst-case execution time is 0.135 second
and the sampling period ðhiÞ is within 0.3 and 0.5 second.

In our experiments, we assume a noise-free model for our
plants. Incorporating noise would require the definition of
appropriate thresholds for filtering biased measurements.
However, the performance evaluation would not change. For
both workloads, we evaluated the control performance of the
four different policies by examining the total cumulative
error of the three control tasks (i.e.,

R te
0

P3
i¼1 jxiðtÞjdt, where te

is the time interval of the experiment).

6.3 Performance Analysis

The main contribution of this paper is summarized in
Figs. 4 and 5, which show the performance improvement
for the three policies (discrete (D), proportional (P), and
optimal (O)) relative to the performance of the static policy
for different perturbation intervals in 1-hour experiments.
For the ball and beam system (Fig. 5), we left out the
performance results for the discrete policy; its performance
was nearly identical to that of the static policy.

Fig. 4a shows the results when the perturbation intervals
are short enough that all of the available CPU is always

allocated to the control tasks (i.e., there is always error on at
least one of the pendulums). Fig. 4b shows the results when
the perturbation intervals are long enough so that at least a
portion of the CPU usage is saved by the control tasks when
there is no error. From these two figures, we see that:

1. the dynamic policies—discrete, optimal, and
proportional—achieve better performance than the
traditional static control policy,

2. optimal outperforms all other policies and reduces
accumulated error by 20 percent-25 percent com-
pared to traditional static control,

3. discrete reduces error by only about 3 percent, due
to the limitations imposed by the available number
and predefined values of the discrete periods, and

4. as the perturbation interval increases (Fig. 4b),
the difference between optimal and proportional
decreases.

This is because, with long-enough perturbation intervals
(e.g., 20 seconds), most or all of the perturbations are
nonoverlapped, and the proportional policy makes essen-
tially the same slack allocations as the optimal policy, i.e.,
the available slack is allocated to the only task with error. It
can be also seen that as the perturbation interval increases,
the performance increases. This is due to the fact that the
perturbations are less overlapped and the slack redistribu-
tion policies can perform their job more effectively. In
addition, the absolute benefit of the baseline static policy
decreases as the perturbation interval increases.

As shown in Fig. 5, the optimal and proportional polices
also improve the control performance with the second
workload (ball and beams), but by lower percentages
(2 percent-12 percent) with perturbation intervals ranging
from 5 to 200 seconds. The longer perturbation intervals
correspond to the relatively longer computation times of the
ball and beam controller. The somewhat lower performance
improvement may reflect the differing dynamics of the
underlying (simulated) system. Nevertheless, the perfor-
mance improvements at all perturbation intervals are
significant.

In order to demonstrate that the benefits associated with
our dynamic feedback-based slack redistribution policies
are due to the resource allocation decisions they make and
not simply from some effect inherent in varying resource
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4. Note that having constant slack allows us to evaluate the performance
obtained by static controllers with a higher rate than if slack were dynamic,
thus providing a more challenging performance evaluation scenario.

Fig. 4. Inverted pendulum: Performance improvement relative to static.

(a) Without idle CPU usage. (b) With idle CPU usage.

Fig. 5. Ball and beam: Performance improvement relative to static.
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allocations, we also compared them to a random dynamic
slack allocation policy. The random policy allocates the
slack randomly among the processes as often as the
frequency of the perturbations. We performed a set of
experiments that simulated the random policy with
perturbation intervals equivalent to those used in the
feedback slack redistribution policies. Fig. 6 shows the
performance of random, proportional, and optimal policies
relative to the static policy on the first set of workloads. The
figure shows that the performance of the random policy is
even worse (as indicated by the negative values) than that
of the static policy. Furthermore, with larger perturbation
intervals (e.g., 10 seconds), the relative performance of the
random case gets worse while those of proportional and
optimal improve. This is due to the fact that with short
perturbation intervals, controllers frequently experience
concurrent perturbations and so the random policy is
relatively more likely to allocate the slack to a controller
experiencing a perturbation; while with longer perturbation
intervals, only one controller is likely to be experiencing a
perturbation at any one time, and so the random policy is
statistically less likely to give the resources to the (single)
controller experiencing a perturbation at any given time.

6.4 CPU Usage and Overhead Analysis

In order to further demonstrate the feasibility of this
approach, we examined its resource utilization and ana-
lyzed the overhead incurred by the four different policies.
With the proportional and optimal policies, the periods can
be any value in the predefined range. The dynamic period
change with the discrete policy is less frequent than with
both optimal and proportional, as explained in Section 5.3.
The sampling rate adaptation of the optimal and propor-
tional policies also occurs with different frequencies. With
optimal, the magnitude of the errors determines the period
assignment: The one with largest error always runs at the
highest rate as long as the other two can run at or above their
lowest rate. With proportional, any variation in the errors
causes a proportional rate adjustment among the three
controllers, resulting in a larger number of adjustments.

Fig. 7a shows the measured total CPU usage of all
control tasks with the four policies using the first workload.
With a 4-second perturbation interval, the three adaptive
feedback-based slack redistribution policies use almost

exactly the same amount of CPU as the static policy. As
the perturbation intervals increase, beginning at about
5 seconds, the dynamic policies begin to consume less
CPU due to the fact that when all the controlled systems are
in equilibrium, their sampling interval is set to the
minimum. This unused CPU can be allocated to other less
time-critical tasks in the system or, in systems with dynamic
voltage scaling, the system clock rate can be lowered, saving
power.

Fig. 7b shows the overhead introduced by the four
different policies (measured from our implementation) on
the first workload. Context switches are responsible for the
majority of the overhead, followed by actual scheduling
overhead. The overhead introduced by the dynamic rate
change is negligible compared to the control tasks’ actual
CPU usage and these other sources of overhead (scheduling
and context switches). As a result, the overhead is
comparable for all four policies. The dynamic policies incur
almost no extra overhead relative to the static policy, and as
the perturbation interval increases, the overheads of the
dynamic policies are seen to be even less than those of the
static policy because they incur fewer context switches. This
is due to the fact that they execute less frequently with
longer periods. As expected, and although still negligible,
proportional exhibits the largest dynamic rate change
overhead due to its more frequent changing of rates, as
explained in Section 5.
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static).

Fig. 7. CPU usage versus overhead. (a) CPU usage in 1 hour.

(b) Overhead in 1 hour.
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7 COMPARATIVE ANALYSIS

In this section, we present a performance analysis of our
approach compared to representative results in the area:
those of Seto et al. [2], Eker et al. [16], Castañé et al. [24], and
Ben Gaid et al. [25].

Table 1 presents a summary of the key features as well as
the achieved performance for a given scenario. For each
approach, the four first columns refer to

1. when the optimization is carried out (offline or
online),

2. what dynamics (kernel workload and/or plant
dynamics) are included in the optimization when it
is performed online,

3. which type of performance index (instantaneous,
which refers to our approach (19) or finite
horizon, which is a prediction based on costs such
as (10)) is included in the objective function of the
optimization procedure when plant dynamics are
accounted for, and

4. what type of solution is given after solving the
optimization approach (sampling periods—task
rates—or sequences of jobs).

The last column gives the performance results, as discussed
below.

For this experiment, three identical ball and beams (as
described earlier) were used as controlled plants. Each plant
is controlled by a single control task. For the simulation
purposes, it is assumed that the three plants start in
equilibrium. Each plant is perturbed up to 30 times by
randomly generated pulses. In particular, each plant is
affected by a single perturbation occurring at a random time
during each simulation period of 12 seconds. This is repeated
30 times, and the average value is reported. Each controller is
designed to place the continuous closed-loop poles at
s1;2 ¼ �2	 5i. Therefore, depending on the sampling period
that applies the continuous closed-loop poles are mapped
into the discrete-time domain, z1;2 ¼ es1;2h, and then the
discrete-time controller is obtained by standard pole place-
ment. This is either performed offline or online, depending on
the evaluated method.

Simulations have been carried out with the Truetime
simulator [51] to implement the multitasking processor
together with each strategy. The performance analysis
measures the impact of each strategy on the controlled
plant dynamics. The evaluation during each simulation
period ðtsimÞ is performed using a continuous standard
quadratic cost function:

J ¼
Ztsim
0

xT ðtÞQxðtÞ þ uT ðtÞRuðtÞ
� �

dt; ð31Þ

where the weighting matrices are specified as

Q ¼ 1 0
0 1

� �
and R ¼ 1:

For the simulation purposes, it is assumed that plants’ states
are available, and therefore, there is no need for observers.

The periods of the three control tasks are allowed to take
values between 0.5 and 0.3 second. Since the focus is on
evaluation of control performance, no changes in the kernel
workload and utilization set point have been injected.
Therefore, for the online methods, changes in tasks’ periods
are based only on the dynamics of the controlled plants, not
on the kernel workload. The specific task periods for each
method are obtained as indicated by each approach. In
particular, in the optimal policy, each task switches between
0.5 and 0.3 second. The stability analysis for this case is
reported in Appendix B.

The last column of Table 1 summarizes the performance
of the evaluated methods. The lower the numbers, which
were obtained by the cost function given in (31), the better
the approach. As can be seen, the first two methods provide
the same performance because no changes in the workload
have been introduced, which is the advantage of the method
of Eker et al. [16] over that of Seto et al. [2]. The last three
methods clearly improve control performance corroborating
the assumption that reassigning resources according to the
controlled plant dynamics is the key to improving control
performance. The last two methods are much better than the
method of Ben Gaid et al. [25] because in the case where
perturbations overlap, the method of Ben Gaid et al. is not
reactive enough. Recall that Ben Gaid mandates finishing
the execution of the job sequence before applying a new
one. Finally, although the difference in performance
between Castañé’s method and our policy looks subtle in
this experiment, the computational overhead of our method
is negligible compared to the computational overhead of
Castañé’s method. In fact, Castañé’s method proposes a
lookup table strategy to overcome the overhead problem.
Overall, our approach is the best in this simulated
experiment, providing better control performance.

8 CONCLUSIONS

Careful resource management is the key to providing the
best possible performance in resource-constrained comput-
ing systems. We presented Draco, an efficient and effective
system for managing resources allocated to concurrently
executing controllers in such systems. A feedback-based
slack management model for concurrently executing control
tasks in resource-constrained environments allows Draco to
allocate available slack as a function of the state of the
controlled systems. Draco relies on adaptive control
systems capable of operating at different (and varying)
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sampling intervals. Based on the error reported for the
plants controlled by these controllers, Draco dynamically
adjusts the resources provided to the controllers, and thus
the rate at which they operate. This approach has proven to
be highly effective, outperforming both traditional static
controllers and other dynamic controllers.

Draco’s slack allocation model relies on complete
information about the state of the controlled systems. We
have shown that given this knowledge, the optimal solution
is always to run the controller experiencing the greatest
error at its maximum possible rate while running the rest at
the minimum acceptable rate. Our experimental results
from a real implementation of Draco (controlling simulated
plants) demonstrate that, in practice, this approach outper-
forms the other algorithms we examined. In our experi-
ments, the optimal solution outperforms the traditional
static control solution by as much as 25 percent while
consuming up to 30 percent less resources overall.

The feasibility of approaches aimed at improving control
performance by adapting resource allocations at runtime
require solutions with low computational overhead. Our
experimental results have corroborated that our policies
introduce negligible overhead relative to the context switch
overhead, thus providing feasible solutions for runtime
resource adaptation.

We anticipate that our adaptive control solutions will
be useful in any resource-constrained environment in
which multiple controllers are competing for a shared
resource such as CPU cycles, network bandwidth, or
battery power.

APPENDIX A

MAPPING FUNCTIONS

In this section, we show the benefit functions given by (15)
and here reproduced omitting the i-subscript

g r; xðtÞð Þ ¼ epðrÞ

can be mapped to standard cost functions used to design
and evaluate optimal control systems, such as the cost (10)
and here reproduced:

JðhÞ ¼E

 XN�1

k¼0

xT ðkhÞ uT ðkhÞ
� �

Q
xðkhÞ
uðkhÞ

� �

þ xT ðNhÞQ0cxðNhÞ
!
:

The minimal value of (10) for a given optimal linear
quadratic controller is [30]

J ¼ xT0 Sx0; ð32Þ

where S is the solution to the algebraic Riccati equation

S ¼ �TS�þQ1

� ð�TS�þQ12Þð�TS�þQ2Þ�1 �TS�þQT
12

� �
; ð33Þ

where the weighting matrices Q1, Q12, and Q2 can be found
in [30]. These matrices, as well as �, �, and S, all depend on
the sampling interval h.

It is, however, also possible to evaluate the cost function
(10) for an arbitrary (i.e., nonoptimal) state-feedback control
law, as long as the closed-loop system is stable. In this case,
the expression for S in (32) is replaced by the solution S to
the Lyapunov equation

S ¼ ð�� �LÞTSð�� �LÞ þQ1 �Q12L� LTQT
12 þ LTQ2L:

ð34Þ

In any case, cost (32) can be used to measure the
performance when the controller (or a family of controllers)
executes at different rates.

If we consider a first-order system, (32) reduces to a
scalar equation

JðhÞ ¼ xT0 SðhÞx0 ¼ x2
0SðhÞ; ð35Þ

which has the structure given by (15). For second or higher
order system, a similar result can be obtained. Noting that
JðhÞ 2 IR, then

JðhÞ ¼ vec JðhÞð Þ; ð36Þ

where vecð�Þ is the vector value function [52]. Therefore,

JðhÞ ¼ vec JðhÞð Þ
¼ vec xT0 SðhÞx0

� �
¼ xT0 
 xT0
� �

vec SðhÞð Þ;
ð37Þ

which has, again, the same structure as (15), in vector form.
Equations (35) and (37) are cost functions that depend on

h. Therefore, they can exactly map benefit functions on r
like (15) if J is expressed in terms of r (considering (3)) and
we take g ¼ �J .

APPENDIX B

STABILITY ANALYSIS: PARTICULAR CASE

The system described in Section 7 executes with two
periods, h1 ¼ 0:5 second and h2 ¼ 0:3 second. To place the
continuous closed-loop poles as specified, the discrete
controller gains are

K0:3 ¼ 13:595 4:3686½ �; K0:5 ¼ 6:8991 3:4541½ �:

The closed-loop matrices are then

�clð0:3Þ ¼
0:38822 0:10341

�4:0785 �0:31058

� �
;

�clð0:5Þ ¼
0:13761 0:068236

�3:4496 �0:72706

� �
:

To check the stability of the system, we look for a
Lyapunov function, V ðxÞ > 0. Let V ðxkÞ ¼ xTk Pxk be the
quadratic Lyapunov function. If we show that V ðxkþ1Þ �
V ðxkÞ < 0 for each subsystem characterized by each closed-
loop matrix, the combined system will be stable [44]. This
is the same as solving �clð0:3ÞTP�clð0:3Þ � P � 0 and
�clð0:5ÞTP�clð0:5Þ � P � 0.

Let

P ¼ 1957:6881 152:6225
152:6225 122:9964

� �
:
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It is easy to observe that V ðxkÞ > 0 for any xk. Therefore,

V ðxÞ is a Lyapunov function. Solving the previous inequal-

ities, we check that

�clð0:3ÞTP�clð0:3Þ � P ¼
�100 �1

�1 �100

� �
� 0;

�clð0:5ÞTP�clð0:5Þ � P ¼
�601:9163 123:0439

123:0439 �64:0074

� �
� 0:

Therefore, the system is stable for any switching of periods,

provided that the correct controller is applied, as we do.
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