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Optimal Online Sampling Period Assignment: Theory and Experiments
Anton Cervin, Manel Velasco, Pau Martí, and Antonio Camacho

Abstract—In embedded systems, the computing resources are
often scarce and several control tasks may have to share the same
computer. In this brief, we assume that a set of feedback controllers
should be implemented on a single-CPU platform. We study the
problem of optimal sampling period assignment, where the goal is
to assign sampling rates to the controllers so that the overall con-
trol performance is maximized. We derive expressions relating the
expected cost over a finite horizon to the sampling period, the com-
putational delay, and the amount of noise acting on the plant. Based
on this, we develop a feedback scheduler that periodically assigns
new sampling periods based on estimates of the current plant states
and noise intensities. Extensive experiments show that online sam-
pling period assignment can deliver significantly better control per-
formance than the state-of-the-art, static period assignment.

Index Terms—Cost function, double integrator, electrical cir-
cuits, embedded systems, feedback scheduling, optimal control.

I. INTRODUCTION

T ODAY, the vast majority of all controllers are imple-
mented using computers, relying on periodic sampling

and control. The sampling rate is normally fixed and is selected
in relation to the speed of the system under control. Typical
rules of thumb [1] suggest that the sampling rate should be
chosen to be 10 to 30 times the bandwidth of the closed-loop
system. Faster sampling implies better disturbance rejection
and smaller sensitivity to modelling errors. In embedded sys-
tems with very limited computational resources, it may not be
possible to let the controller run at the desired rate. This can be
true especially if there are many tasks competing for the same
CPU. Hence, design of embedded systems always involves
tradeoffs between the various tasks in the system.

The tradeoff between different feedback controllers in an em-
bedded system was first formulated as an offline optimization
problem in a seminal paper by Seto et al. [2]. The performance
of each controller was captured by a cost function that described
the relationship between the sampling rate and the quality of
control. Assuming that the cost versus rate for each controller
can be approximated by an exponentially decreasing function,
the paper gave an optimization algorithm that assigns optimal
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sampling rates to the controllers, subject to a CPU utilization
constraint.

Later work has refined the model of Seto et al. and also moved
the optimization algorithm from offline use to online use. Eker
et al. [3] considered linear quadratic (LQ) state feedback con-
trollers and derived expressions relating the LQ-cost to the sam-
pling interval. They also proposed an online optimization algo-
rithm for sampling period assignment, that iteratively adjusted
the sampling rates based on the CPU load. An extension to gen-
eral linear dynamic controllers is found in [4].

Martí et al. [5] introduced feedback from the actual con-
trol performance by incorporating the current plant states into a
heuristic cost function. The same authors presented an extension
[6] where the relation between its cost function and standard
quadratic cost functions was established. Henriksson et al. [7]
further formalized this approach for linear quadratic controllers
by incorporating the current plant states into a finite-horizon
quadratic cost function, which also took the expected future
plant noise into account. The extension to the general case of
linear controllers was given in [8].

Palopoli et al. [9] developed optimal period assignment for a
set of state feedback controllers using the stability radius as a
performance criterion. No online optimization was performed,
however.

In a parallel line of research, Ben Gaid et al. [10], [11]
presented a complementary approach for the optimal integrated
control and real-time scheduling of control tasks. It combined
non-preemptive optimal cyclic schedules according to the

performance criterion, with an efficient online scheduling
heuristic in order to improve responsiveness to disturbances.

In this brief, we present an online sampling period assign-
ment approach that extends the model of Seto et al. to capture
several important properties of real controllers in the optimiza-
tion problem. The performance of each controller is captured in
a finite horizon cost function, taking into account: 1) the sam-
pling period; 2) the computational delay; and 3) the amount of
noise acting on the plant. In addition, the cost function is de-
veloped for general linear dynamic controllers (and not only for
state feedback controllers as in much of previous work).

Since finding an analytical solution to the optimization
problem is not possible in the general case even for simpler
cost functions [7], we present an algorithm that allows solving
the problem at run-time. By evaluating the cost function, it is
noted that most of the terms can be computed offline. Then, for
convex functions on the sampling period, an online procedure
that approximates the optimal solution is developed that allows
identifying the set of optimal sampling periods.

Noting that the evaluation of the cost function strongly de-
pends on the noise intensities, we complement the feedback
scheduler with a noise estimator. Two different standard noise
estimators are suggested, and their pros and cons discussed and
evaluated. We show that the noise estimators are effective when
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Fig. 1. FBS assigns sampling periods � � � �� , based on state estimates
�� � � � �� and noise intensity estimates �� � � � �� , to meet the utilization
set-point � and to optimize the performance of the control loops.

the noise intensity changes are slower than the rate of execution
of the period assignment algorithm.

Finally, we provide a proof-of-concept implementation,
where the feedback scheduling approach is put to test in a real
system. We study different key parameters of the proposed
approach with respect to control performance and resource
utilization. In addition, we provide a comparative performance
analysis of our approach with respect to previous related work.

This brief extends the preliminary results presented in [8].
An extended version of this brief can be found in [12]. The rest
of this brief is outlined as follows. In Section II, the problem
formulation is given. In Section III, formulas for the quadratic
cost of a general linear controller are derived. The algorithm for
the online optimization is given in Section IV. The experimental
setup and results are described in Section V. Finally, Section VI
concludes this brief.

II. PROBLEM FORMULATION

A. Plant and Controller Models

We assume a system in which physical plants should be
controlled by a computer with limited computational resources.
The control is achieved by concurrent control tasks executing
in the computer, each task being responsible for the sampling,
control computation, and actuation in one loop. There exists an
additional task in the system, the feedback scheduler (FBS), that
may change the sampling rates of the tasks depending on the
current state of the system. The overall situation is depicted in
Fig. 1.

More formally, each plant is described by a con-
tinuous-time linear stochastic system

(1)

where is the plant state, is the control signal, is the
measured output, , , and are matrices of appropriate
sizes, is a continuous-time white noise process with intensity

, is a discrete-time Gaussian white noise process with
variance , and , , is a constant time
delay representing the input-output delay in the implementation

(see Section II-B). To capture different operating conditions, we
allow the process noise intensity to be time varying

(2)

where is a positive scalar and is the nominal noise
intensity. The controller can be constant, designed assuming a
constant noise level, or time-varying, assuming different noise
intensities given by different values.

Sampling the plant (1) with the interval and control delay
yields the discrete-time system (see [1])

(3)

where

and

Assuming the noise level to be constant over the sampling in-
terval, the covariance of the discrete-time white noise process

is given by

(4)

Each controller is described by a discrete-time
linear system with adjustable sampling interval

(5)

(6)

where is the controller state (representing the plant state esti-
mate) and , , , and are matrices of appropriate sizes.

The performance of each control loop is measured
by a finite-horizon continuous-time quadratic cost function

(7)

where

is a positive semidefinite matrix, and is the period of the
feedback scheduler. For this kind of cost function, a linear-
quadratic Gaussian (LQG) controller [1] is optimal. Note that
our theoretical framework does not require the controllers to be
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optimal. This means that PID controllers or controllers designed
using (non-optimal) pole placement may be included, as long as
their performance is evaluated using a quadratic cost function of
the type (7).

B. Real-Time Scheduling Model

In contrast to previous work on optimal sampling period as-
signment [2], [3], [5], [7], [10], in this work we explicitly take
the real-time scheduling and the computational delay into ac-
count in the optimization. It is assumed that the worst-case ex-
ecution time of each controller is described by

(8)

where is the worst-case execution time for calcu-
lating the control signal [essentially (6) above], and is
the worst-case execution time for updating the controller state
[(6) above].

In the implementation, the input (I) operation (i.e., the
analog-to-digital (A/D) conversion of ), the Calculate
portion of the code, the output (O) operation (i.e., the dig-
ital-to-analog (D/A) conversion of ), and the Update
portion of the code are assumed to be scheduled as separate
subtasks. The I/O operations are scheduled at interrupt pri-
ority and are assumed to take negligible time to execute. The
Calculate and Update subtasks are scheduled using the ear-
liest-deadline-first (EDF) algorithm [13], [14]. The Calculate
subtask is released at the start of each period, with a relative
deadline , where

(9)

The Update subtask is released with the offset , with a rela-
tive deadline . This implies that the input-output delay
of controller is constant and given by . Moreover, the
organization of the code ensures that controller has a constant
processor demand [14] of . Schedulability of all
subtasks can hence be guaranteed if and only if
which is the schedulability condition for EDF.

C. Optimization Problem

The feedback scheduler is assumed to have knowledge of all
plant and controller parameters, except the noise intensities,
which are to be estimated online. The scheduler runs as a
high-priority task with a fixed period and execu-
tion time . Upon invocation at time , the scheduler is
informed about the current controller states
(representing, for instance, estimates of the current plant

states). The scheduler should then assign new sampling inter-
vals such that the total expected cost over the next
units of time is minimized. This is formulated as the following
optimization problem to be solved online:

subj. to (10)

Here, is the CPU utilization set-point, which must be
smaller than 1, and is the processor demand
of the feedback scheduler. The optimization problem is convex
if the cost functions are convex functions of (see [2]).
Efficient online solution of (10) is discussed in Section IV.

III. EVALUATION OF THE COST FUNCTIONS

To solve the optimization problem, we must be able to eval-
uate the cost function (7) for each control loop online. In this
section, we therefore derive expressions for the stationary and
transient cost of a linear discrete-time controller regulating a
linear plant with a fixed time delay. Throughout this section, for
clarity, we drop the plant/controller index .

A. Sampling the Cost Function

Assuming that can be evenly divided into , the cost can
be written as

(11)

where is the cost in the th sampling interval. By sampling
(7), this cost can be expressed as (12), shown at the bottom of
the next page, where
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and

The term is due to the inter-sample noise [15].

B. Evaluation of the Cost

Combining (3) with (5) and (6), the closed-loop system can
be written as

(13)

where

One difficulty here is that appears in the cost function,
but not in the formulation of the closed-loop system. However,
noting that

(14)

the cost (12) can be rewritten as

(15)

where

Finally, assume that the initial state is . The cost can then
be evaluated as

(16)

where

In summary, we have shown that the cost can be written as a sum
of four terms, where the two first terms represent the cost due to
the initial state, while the last two terms represent the expected
cost due to future noise.

IV. EFFICIENT ONLINE OPTIMIZATION

Computing (16) online would be expensive. However, it can
be noted that almost everything in (16) can be precomputed
offline and stored in a lookup table. Online, we must only ac-
count for the current initial state, noise intensity, and sampling
interval.

(12)
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TABLE I
ORDERED TABLE WITH � VALUES FOR EACH PLANT

AND SAMPLING PERIODS

A. Approximate Evaluation of the Cost

In (16), the initial state is somewhat problematic, since the
plant state is not known by the feedback scheduler. How-
ever, if we assume that the controller contains a state observer
and that represents the current state estimate, we may use

(17)

Finally, under the assumption that the noise level will be con-
stant during the scheduling period and equal to , the
expected cost can be written as

(18)

where

Note that is a matrix function, while and
are scalar-valued functions. They can be computed offline for
each plant and sampling period . Note that they do not de-
pend on the current state estimate nor on the current noise level.
Therefore, they can be stored in a table for run-time lookup.
The online computations involves looking up the relevant values
from the table and applying (18).

B. Structure

For the implementation, we construct a table with entries
(see Table I), where

is the plant and is the position of the sampling period inside
an ordered vector with being the smallest sampling period
and the largest. Note that the number of sampling periods
for each control task within the specified ranges
depends on the granularity , defined as the difference between
two consecutive periods, (and

).

C. Algorithm

Given estimates of the current noise levels and plant
states the algorithm that we propose searches for the min-
imum of the cost function. The basic idea is to start with a

Fig. 2. Algorithm for the implementation of the period assignment.

non-schedulable solution where all task periods at their min-
imal values. Then the task periods are incremented successively
in such a way that the cost function increment in each
step is always minimal, until the task set is feasible. The algo-
rithm is shown in Fig. 2.

By doing so, the algorithm assumes that each task should run
with its shortest period in order to achieve the minimum cost,
i.e., the cost is a convex, increasing function on the sampling
period. However, this is not a strict requirement. If the mono-
tonicity assumption is removed, i.e., the cost is only convex, the
stopping condition for the algorithm is to reach a set of feasible
periods (as before) and , . The second condition
forces to enlarge tasks periods as long as they imply a decrease
in the cost.

Note that it is possible to simplify the complexity of the op-
timization algorithm down to , where is the number of
plants and is the number of possible sampling periods. In ad-
dition, the linear search applied to the table could be replaced
by more effective search algorithms.

D. Note on Stability

It is well known that fast switching between stabilizing con-
trollers may lead to an unstable closed-loop system [16]. In
our case, however, the switching is assumed to be infrequent
in comparison with the sampling intervals of the controllers,

, implying that stability will not be an issue in prac-
tice. Still, if the control designer would like to assert stability
for the family of controllers with different sampling intervals,
it can be done using well-known techniques such as finding a
common Lyapunov function for the controllers [16].

E. Disturbance Estimators

The cost function (18) depends heavily on the variance of the
process noise and the measurement noise. Consequently, feed-
back scheduling schemes assuming stationary noise processes
are not ideally suited to handle situations when the level of noise
changes dynamically. In the following, we describe two dif-
ferent online estimators for the intensity of the process noise,

, given measurements of the plant output, . The estimators
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are based on the residuals, , for which the variance is
given by

(19)

where

(20)

depends on the plant, the noise, and the controller design.
The first method, residual variance estimator (RVE), uses the

observations of collected during the last feedback scheduler
period to compute the variance estimate

(21)

where is the number of recorded observations. The
value of is then used in a lookup table of precomputed values
of to obtain the corresponding estimate .

The second method, maximum-likelihood estimator (MLE),
also sums the squares of the residuals, , in the feedback sched-
uler period. Using the fact that, if , then

(22)

the MLE can be used to estimate which of several values of
that is most likely given the observations.

For both estimators, can be computed by each control task
in the controller update part, while the estimator is invoked by
the feedback scheduler. The implementation of the MLE typi-
cally requires less resources because high accuracy of the RVE
demands a large number of possible noise levels in the con-
troller.

V. EXPERIMENTS

As a prototype and performance demonstrator, a proof-of-
concept implementation of the online sampling period assign-
ment approach is presented. The setup consists of three plants
in the form of double integrator electronic circuits that are
controlled by three control tasks concurrently executing in
the Erika real-time kernel [17] and scheduled under the EDF
scheduling algorithm. The hardware platform is a Full Flex
board [18] equipped with a dsPIC micro-controller. A fourth
task, acting as feedback scheduler, periodically assigns new
control task periods considering the current states and noise
intensities of the plants. To debug and extract information from
the micro-controller and plants, an RS232 link to a standard
computer has been established. This link is managed from the
computer side using MATLAB. See further details in [12].

Each plant is modeled as

(23)

The goal of the controller is to make the circuit output voltage
track a reference signal by giving the appropriate voltage input
(control signal) .

In addition to the implementation of the optimal sampling pe-
riod selection approach, a complementary implementation has
been also coded into the Erika kernel. It corresponds to the
traditional static, periodic case: the three control tasks always
execute with the same sampling period, irrespective of noise
changes. In some of the evaluated scenarios, small modifications
have been also applied to the periodic case in order to provide
more illustrative performance numbers.

A. Performance Evaluation: Base Scenario

For the results presented in this section, the following param-
eters characterizing the base scenario have been applied. The
utilization set-point is and the feedback sched-
uler task period is 1000 ms. Sampling period choices
for each controller are defined as follows. Considering that the
feedback scheduler execution time is 1.6 ms, the avail-
able CPU utilization for the three control tasks is

. Considering that the execu-
tion time of each controller is 0.180 ms (0.083 ms
for the calculate part and 0.097 ms for the update part), and the
minimum period is specified to be 20 ms, the longest
period is 90 ms. For the baseline periodic implementa-
tion, sampling periods for control tasks are always 40 ms, which
gives the same utilization factor . In addition, the granularity
of the optimization algorithm is set to 10 ms. Hence, each
task can run at different sampling periods.

Two noise levels named low and high are injected to the plant,
. The artificial tasks injecting noise are configured

in such a way that during an interval of 3000 ms, one plant is
injected a high intensity noise, i.e., , while the others
two are injected a low intensity noise, i.e., . Hence

and
, where .

The plant affected with the high intensity noise varies cyclically
every 3000 ms. We refer to this noise pattern as a noise with a
period of 3000 ms. In addition, changes in noise in-
tensities happen at the beginning of the executions of the feed-
back scheduler (noise and feedback scheduler are fully synchro-
nized). Also, an ideal noise estimator is considered.

Each control task implements an LQG controller considering
the plant model (23), the cost function (7) with

the noise level as described above with and
parameterized according to the sampling period that applies
among the possible choices. For the case of the controllers for
the periodic baseline strategy, the parameters are the same but
the noise level is specified to be the highest level that applies.

The evaluation of the optimal online sampling period assign-
ment and the periodic case has been performed for each plant
according to the cost function

(24)
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Fig. 3. Cumulative cost of the optimal sampling period assignment approach
versus the standard periodic approach.

Fig. 4. Plant dynamics for the three plants. (a) Periodic strategy. (b) Feedback
scheduling strategy.

Hence, each execution run lasts 200 s and plant states and con-
trol signals are recorded every 5 ms. Summing the three costs
for the three plants, we obtain the accumulated cost.

The result for the base scenario is shown in Fig. 3. It shows
the accumulated cost for the three controllers using the online
sampling period assignment, named “Optimal”, compared to the
standard approach, named “Periodic”: the lower the curve, the
lower the cost, i.e., the better the approach. As it can be seen,
after 200 s, the cost improvement of the optimal with respect to
the static is around 40%.

Fig. 4 shows details of the control performance of the stan-
dard periodic policy [see Fig. 4(a)] and the online period assign-
ment policy [see Fig. 4(b)]. Each sub-figure shows the dynamics
of the three plants, each one affected by a high noise level during
an interval of 3000 ms. The optimal policy has the ability of mit-
igating the effects of the noise due to the online sampling period
adjustment.

B. Performance Evaluation: Controller Design Strategy

Fig. 5 shows the combined analysis of control performance
and memory demands for the periodic and for the feedback
scheduling approach following different controller design
strategies. The first two “cost/memory” bars on the left show
the performance of the periodic approach for two cases, where
both controllers always execute at 40 ms. The cost/memory
bars labeled “Periodic 1C’ are the case when only one con-
troller gain applies, which corresponds to the upper curve in

Fig. 5. Cumulative cost and memory demand analysis.

Fig. 3. The memory demand in this case is for storing one
controller. The cost/memory bars labeled “Periodic 2C” are
also the standard periodic case with the difference that two sets
of control parameters apply depending on the noise level. The
cost is a little bit better while the memory demand doubles.

The two “cost/memory” bars on the right of Fig. 5 focus on
the optimal approach for two cases. The cost/memory bars la-
beled “Optimal 1C” are the case when the controller gain is de-
signed for one noise level for each sampling period. The cost
is much better than the previous two periodic strategies. The
memory demand however is for storing controllers. The
cost/memory bars labeled “Optimal 2C” are the case when the
control parameters that apply also depend on the noise level.
The cost in this case is the best, which is the one also shown by
the lower curve of Fig. 3. However, the memory demand is the
highest, for storing controllers.

Note that in the base experiment and in the experiments in
the following subsections, the controller design strategy that ap-
plies for the periodic controller is “Periodic 1C” while for the
feedback scheduling approach it is “Optimal 2C.” The other two
bars shown in Fig. 5 illustrate alternative strategies with dif-
ferent tradeoffs between cost and memory.

C. Performance Evaluation: Granularity

Fig. 6(a) shows the performance of the feedback scheduling
strategy for different values of . When the granularity is small,
say 1 ms (or 2 ms), a number of

(or 36) entries appears in the search table of the optimization
algorithm. As a consequence the execution time of the feedback
scheduler increases, and the additional overhead that this repre-
sents leaves no room for the control tasks to speed up their rate
of execution to improve control performance, as shown by the
top curve (or third highest curve). When the granularity is high,
say 30 ms, the number of period choices is very limited,
and therefore, although the overhead of the feedback scheduler
is very small, control tasks can not take advantage of the avail-
able CPU as efficiently, as shown by the second performance
curve from the top. Hence, from a control point of view, the
granularity has to be chosen carefully, avoiding introducing
significant overhead in the feedback scheduler but still giving
enough period choices for each task. Good values in this exper-
iment are 5, 10, or 20, which basically provides the same
performance (the lower three curves). Fig. 6(b) complements
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Fig. 6. Analysis of the algorithm granularity � . (a) Control performance. (b)
Computational overhead.

Fig. 7. Cumulative cost of the optimal sampling period assignment approach
for different patterns of the feedback scheduler periodicity and noise periodicity.
(a) Different FBS periods. (b) Different FBS/noise. (c) Unsynchronized noise/
FBS.

the previous analysis by showing the CPU time consumed by
the feedback scheduler for each choice. It can be seen that
as decreases, the overhead increases exponentially. It has to
be pointed out that better search algorithms in the optimization
procedure of the feedback scheduler than the linear search that
we have applied could result in lower computational overhead.

D. Performance Evaluation: FBS and Noise Periods

Fig. 7(a) shows the behavior of the online period assignment
approach with respect to different values of the period of the
feedback scheduler while keeping the same noise intensity rate
of change to 3000 ms. As it can be seen in the figure,
as long as is smaller than , the presented approach
delivers good numbers. However, when this relation does not
hold, as for the case of 4 s, then, the performance drasti-
cally decreases. Hence, the presented approach requires having

in order to provide good control performance re-
sults.

Fig. 7(b) complements the previous figure by showing the
control performance of the presented approach for different
values while keeping the relation . As it can be
seen, the performance is satisfactory except when the period is

Fig. 8. Adding noise estimation in the FBS. (a) Estimators performance. (b)
FBS with estimator.

Fig. 9. Cumulative cost of the optimal sampling period assignment approach
with respect to previous work.

small, due to the overhead introduced by many executions of the
feedback scheduler.

Fig. 7(c) shows the control performance of the presented
approach for 1000 ms while not keeping the relation

. In this scenario, the synchronization is lost for
different amounts of time. As it can be seen, as the synchro-
nization decreases, the cost increases. Hence, a noise estimator
is required.

E. Performance Evaluation: Noise Estimator

This section analyzes the performance of the presented ap-
proach with a more realistic setting where noise intensities are
estimated for each plant and their rate of change is randomly
generated. In particular, we forced .

To evaluate the estimators introduced in Section IV-E,
Fig. 8(a) shows the noise intensities estimates for one of the
plants when the intensity of the noise changes between certain
levels. Although both estimators are able to detect the changes
in the noise intensity, the MLE provides better estimates be-
cause the noise levels are a priori known. However, if the noise
changes are not that abrupt and not known a priori, the RVE
performs better (see further details in [12]).

In Fig. 8(b), we show the performance of optimal sampling
period assignment approach when the noise intensity estimation
was performed by the MLE executed by the feedback scheduler
task. In terms of overhead, the MLE only adds 0.015 ms to each
feedback scheduler execution and requires storing two thresh-
olds for computing the correct estimates, one for each noise
level. As it can be seen in the figure, the performance improve-
ment with respect the static case is still significant (around 15%).
It must be noted that all the previous case studies also apply to
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this “real” scenario with the appropriated scaling. However, in
order to be able to characterize which benefit is a consequence
of a particular parameter, the ideal estimator was more suited
for the detailed performance analysis.

F. Performance Evaluation: Policies Comparison

The proposed approach is compared to two previous relevant
approaches, Martí et al. [5] and Henriksson et al. [7]. Using the
same control settings for all the approaches as explained in the
base experiment, the performance numbers are shown in Fig. 9.
As expected, Martí et al. [5] provide the lowest performance
because only the current state is accounted for in the optimiza-
tion and the noisy states highly jeopardize the operation of the
approach. Then, Henriksson et al. [7] provides a medium per-
formance curve because varying noise is not accounted for, and
then the noise states predominate in the finite horizon optimiza-
tion solution. Finally, the presented approach, labeled “Cervin
2010,” provides the best performance curve.

VI. CONCLUSION

In this brief, we have demonstrated how feedback from the
control applications can be used to online optimize the perfor-
mance. The feedback scheduler evaluates the expected cost over
a finite time horizon, taking into account the noise intensity, the
sampling interval, and the computational delay for each control
loop. Based on this information, optimal sampling intervals are
assigned to the control tasks. Extensive experiments on a set of
real plants have shown that the real-time implementation of the
feedback scheduling approach improve the control performance
quite substantially compared to a state-of-the-art periodic im-
plementation.
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